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Abstract

Active portfolio management is applied with sequentially definition and solution of portfolio optimization
problem. A sliding procedure for usage of the historical data of the asset returns is applied for estimation
of the portfolio parameters for mean asset returns and covariance matrix. The portfolio problem is defined following two models: classical portfolio and Black-Litterman modeling. Special formalization of
the expert views is applied, based on additional usage of the historical data of the asset returns. Thus, the
results of both models can be compared, due to the common set of initial data, used for the definition of
the portfolio problems. Practical problem is solved for investment in real estates. The solution is made
with data of the Bulgarian market of real estates.
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The portfolio theory started its formalization from the simple definition of mean asset
returns and covariance matrix as risks of assets and their mutual influence between the
asset returns. This formal background was named Mean-Variance (MV) theory and it is
widely used for comparison reasons between different modification and complications of
portfolio problems [1-5]. The main task of the portfolio management is the optimal resource
allocation per different assets in the portfolio. Thus, the goal of this portfolio management is
to obtain maximal portfolio return, keeping minimization of the portfolio risk for the end of an
investment period. The formal presentation of the portfolio management concerns definition
solution of appropriate portfolio optimization problems [6-8]. The formal complications of the
portfolio theory concern additional inclusions of different parameters and relations, which are
added to the portfolio problems. The MV model of the portfolio theory applies quantification
of the asset’s characteristics: mean asset returns, evaluation of the covariance matrix of the
asset returns. This formal portfolio problem sequentially is complicated by different types of
definition of assets returns and assets risks. The portfolio theory complicated the content of
the asset returns by different categories of returns as “current return values” [9,10], “mean
values” [6], “implied values” [11,12]. The formal definitions of the risk applied are used under
deterministic and probabilistic definitions as ‘’variance/covariance” between the assets
returns [9] and “Value at Risk” (VaR) and its derivatives as “Conditional VaR” [13,14]. The
complications of the portfolio theory address not only portfolio parameters, but introduce
additional formal relations, derived from the investment process. Except the classical
analytical relations of the MV model [9], additional relations are derived by the Capital Asset
Pricing Model (CAPM) [15]; the Black-Litermman (BL) model includes additional relations,
which formalize the inclusion of subjective assessments about the assets parameters [16-19].
The portfolio problem can be defined formally with different mathematical structure and
containing different set of constraints: portfolio problem for one period of investment; multiperiod portfolio optimization; constraints with linear, nonlinear and/or integer relations.
The majority of the portfolio problems apply only one goal function for the optimization
of the resource allocation. A new complicated form of optimization currently is under
experimentation which applies hierarchical, multilevel, particularly bi-level optimization. It
allows the portfolio problem to be defined with more than one goal function and the assets
allocation will satisfy additional requirements except for risk and return [3].
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Advances in portfolio definition
The modern portfolio theory starts with quantitative
assessment of the asset characteristics. The common parameters,
evaluated as asset characteristics are the mean asset returns, the
risk of each asset and the relations between the asset returns. The
last two sets of asset characteristics quantitatively are given with
the covariance matrix between the asset returns [4,20]. These
quantitative portfolio characteristics are used for the definition of
the classical portfolio problems [6].
(1)

where

1.
w = (w1,…,wN)T is the vector of weights, giving the relative
value of the investment, allocated to asset i, i=1,N- number of assets
in the portfolio;
2.
Relation
requires the investment amount to be
totally allocated to the portfolio.
3.

w≥0 means that the assets are bought for the portfolio.

4.
Risk (w) and Return (w) are analytical functions with the
portfolio solutions w.

5.
(Return)min And (Risk)max are predefined values, required
for the portfolio problem.
The function Return () analytically is defined as weighted sum
of the asset returns
(2)

where Ei is the mean asset return for a period t∈ [0, T], evaluated
Rti , i 1,=
N , t [0, T ] . The
from the historical data of the real assets returns =
i
analytical relation between Ei and Rt is
The portfolio risk
σp is given by the standard deviation of the portfolio return Ep. The
analytical definition between the asset risks σi and the covariance
coefficients σij, i, j=1, N is
(3)

where
is a symmetric matrix and its main
diagonal contains the values of the assets risk σ ii2 . The components
of Σσ ij2 are evaluated as
(4)

The portfolio problem can be modified by definition of the
portfolio goal function for simultaneously maximization of the
portfolio return and minimization of the portfolio risk
(5)

where the coefficient λ∈ [0,1] defines the relative ability of the
investor to undertake risk. For the case λ=0 the investor targets
maximization of return without considering the portfolio risk.
On the other boundary λ=1 the portfolio gives only minimization
of risk. If (5) is solved with different values of λ, the solution w(λ)
defines different values of the portfolio return
and risk
. These values give a set of points in the space Return
Strategies Account Manag

(Risk). Graphically, in this space a convex curve is presented, which
is titled “efficient frontier”. The investor is recommended to choose
one point from the “efficient frontier”, which will give the solution of
his portfolio problem: w, Risk(w), Return(w). It is obvious, that the
solutions of (5) strongly depend on the assets parameters E and Σ.
The correct definition of them is a prerequisite for useful evaluated
solutions w. Because the investment process can use only currently
and historical data about the assets, and the portfolio results depend
on the future levels of the portfolio assets, this methodological
complication of the investment process insists forecasting of the
future asset characteristics for the end of the investment horizon
[10,20]. The portfolio theory pays special attention for the correct
estimation and forecasting of the portfolio parameters: mean asset
returns and covariance [10,21]. The accuracy of this estimation
is a prerequisite for beneficial and successful application of the
portfolio decisions [3]. The main assumption in the portfolio theory
is that the asset characteristics will preserve its values till the end
of the investment horizon [22]. That is why the correct forecast
and identification is under the scope of several identification
procedures [21]. The approaches ARMA and GARCH give formal
background for the estimation of the future levels of asset returns.
The ARMA relations contain two components: Auto Regressive
(AR) and Moving Average (MA). The AR component evaluates the
current asset return considering the values of its past levels
where Ro is the basic level of return and R(k −n) are its past values,
n is the length of the historical period, k is the current discrete time,
ϕn are weighted coefficients for inclusion the past values, εn is the
market noise. Such formal relation is appllied to estimate a future
asset return considering the current trend in history period for its
behavior. A peculiiarity of the AR modeling requires a big set of
data about the historical behavior of the asset return. An additional
complication for this model is the necessity of definition of the
weighted coefficients ϕn. For the MA modeling, the idea is to assess
the errors ε between the real historical data and the provided
forecasts
This modeling also suffer from the needs to keep long set
of historical data and estimations as realistic motivation for the
choice of the weighted coefficient ηn. Currently, the most used
formal relations of ARMA are in the form ARMA (1,1), which means
the usage only the current and previous value of the asset return
and/or estimation errors. Another methodology for forecasting is
GARCH, applied for evaluation of asset risk σi and covariances σi,j.
GARCH abbreviation means General Auto Regressive Conditional
Heteroscedasticity process [23]. The formal relation of GARCH is
given as
where σ concerns both asset risk σi and covariance components
σi,j. The basic value σo and the weighted coefficient αp, βq must be
additionally defined, which complicates the usage of GARCH. The
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methodology of GARCH in practical applications is also used for
short historical period, p=q=1, GARCH (1,1) [24]. A next theoretical
achievement of the modern portfolio theory is the development of
Capital Asset Pricing Model (CAPM) [25]. This model introduces
new portfolio parameters: the existence of market portfolio and its
portfolio parameters as market return EM and market risk σM. These
market parameters have been formally related to the portfolio
characteristics and new relations have been derived as:
1.
The “Capital Market Line” (CML) which gives analytical
description between the portfolio mean return Ep, portfolio
risk σp, the market parameters EM, σM and the risk free return rf,
. This line gives values about the possible portfolio
returns and risks on the particular market (EM, σM) and risk free
level rf.

2.
The “Characteristic line” (HL), which gives analytical
relation between the current values of the market return RM and
the current asset return
. This relation can be used
to forecast the asset returns, according to the current level of the
market return RM.
3.
The “Security Market Line” (SML) gives relation between
the mean asset return Ei and the market characteristics EM, σM, rf.

All these formal relations can be applied for the assessing an
arbitrary portfolio return and risk for particular market (CML);
to estimate future level of asset mean return for the particular
market (SML); to relate the current value of asset return according
to the market one. Because in practice the market parameters are
defined by the market indices, the CAPM allows to be evaluated the
parameters of the portfolio optimization problem. A complication
for the definition of the portfolio risk is made by introducing its
probability definition. The new risk parameter is named Value at
Risk (VaR) and it its development is described in [9,26]. The VaR
parameter quantifies the maximum like loss for the next trading
day. It is evaluated using the deviations and correlations between
the asset returns [4,14]. The VaR evaluation now is widely applied

for risk management, which gives major positive effect [13]. VaR
is developed and regarded as a component of the Portfolio theory.

Both the classical portfolio problem and the CAPM use historical
values of the asset returns to evaluate the portfolio parameters. A
new model, derived by Black-Litterman (BL), introduces a new set if
initial data for the estimation and forecasting the asset parameters
[16,17,27,28]. The new source of data comes for subjective expert
views, which can set directly new values of the asset returns or to
define relative assessment about them. The relative assessment
gives data in percentage about the increase or decrease of the return
of asset i towards asset j. The BL model allows to be integrated
the historical data of asset returns and the subjective expert
forecasts for evaluation of the asset return and risk characteristics
[12,18, 29,30]. The BL model introduces new formal relations to
incorporate the subjective views to the assets characteristics. An
important component of the BL model is the introduction of new
types of returns, named “implied returns”, Пi, i=1, N. These returns
πi are evaluated according to the market characteristics EM,σM. These
new “implied returns” with the formal definition of expert views,
matrices P, Q modify the mean asset returns
and the
covariance matrix
. The BL model makes modification
of the parameters of the portfolio problem and its solution differ
from the solution of the classical portfolio problem, according to
the inclusion of expert views for the future asset returns.

Description of peculiarities of black-litterman model

The BL model integrates historical data of asset returns with
forecast of expert views [11,16,31,32]. The formal evaluations of
the asset characteristics are presented graphically in Figure 1. The
views are formalized with numerical new matrices П,P, Q, Ω and a
coefficient τ . One can find estensive explanations of the BL model
in [29,31]. The evaluation of the asset returns gives new matrices
EBL, ΣBL which are used in the portfolio problem (5). The solution
of (5) gives new weights WBL in comparison with the initial case
with w for the asset weights. The relations, which modify the
parameters EBL, ΣBL in the BL model are:

Figure 1: Graphical interpretation of sequence of evaluations for BL model.

where

(6)

γ is the return of risk free asset, E, Σ are evaluated only from
historical source of information for the evaluation of the asset
characteristics, according to (2-4). The vector П contains the new
set of “implied returns”. Relations (6) has also the set of new
f
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parameters, for the expert views P, Q, Ω, τ. The sequences for
evaluation of these new parameters are the followingg:
The “implied returns”are evaluated from the relation
(7)

where the market parameters of the “market portfolio” are
used, defined by the CAPM [24]. The matrices P,Q formalize quantitatively the values of the expert views. The example below says
Copyright © Stoilov T
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that the first row of P gives forecast that the second asset
will have Q(1)= 3% return. The second row of P gives forecast
that the fourth asset return P(2,4)=1 will outperform the first
one P(2,1)= -1 with Q(2)= 4%. The matrix Ω quantifies and in
common is evaluated as diagonal matrix
. The
coefficient τ<1 is kept small and can have values, related to the
duration n of the historical period,
[11]. The coefficient must
decrease the value of the evaluated covariance matrix Σ with
historical data of the asset returns. This research illustrates the
usage of the classical portfolio theory, here defined by problem
(6) and the modifications, applied by the BL model. The addded
value of this research is the implementation of sliding procedure
for definition and solution of portfolio problems. This procedure
allows dynamically to manage the investments in time. The
second peculiarity of this paper is the untroduction a special
formalization of the matrix P of the expert views in BL model. This
formalization allows to be used the historical data about the asset
returns and to estimate additional information for the definition
of P. Such formalization allows to be compared the solutions of the
portfolio problems, solved with historical and BL data, because
both problems are defined with common set of innitial data.
The benefit of the portfolio solutions are assessed according to
the content of the portfolio solutions w of the classical portfolio
model and the solutions wBL of BL model.

Sliding procedure for active portfolio management

The paper illustrates application of active portfolio
management. The content of this management concerns application

of sliding procedure for definition and solution of appropriate
portfolio problems. Each problem is defined with historical data of
fixed previous period. Its solution is compared with the real results
for the next time period. Then, a sliding move with the historical
data is performed by dropping the last data and including new ones
from the next period. This active management is implemented with
two portfolio models: classical one, using only historical data and
BL one, where additional corrections for the portfolio parameters
are done. The active management is illustrated with data of the
real estate market in Bulgaria. The National Statistical Institute of
Bulgaria currently follows the prices of real estates on National level
and evaluates indices named House Price Indices (HPI) [33]. The
HPI indices contain data about new dwellings, mainly apartments
(“New”) and currently trading estates (“Old”). The HPI indices are
given also in the relative form about the change of the current HPI
value in comparison with its previous one. Thus, HPI index gives the
return of the estates, compared with the previous index evaluation.
Each value of the HPI is calculated for a three month period, which
gives four points per year. On Figure 2 is illustrated example of
the HPI data. The graphical interpretation of these data is given in
Figure 3 for illustration because it is not evident which asset “New”
or “Old” is preferable for investment. This recommendation will
be evaluated with the portfolio theory. The sliding mode of active
management is defined according to three months historical data.
Using these historical data the asset parameters E= (Ei, i=1,2) and
covariance matrix Σ are calculated. The defined portfolio problem
(6) is solved multiple time with different values of λ∈ [0,1], which
gives numerical points of the “efficient frontier”. The portfolio,
which is recommended for investment is chosen according to the
maximal value of the Excess Sharpe ratio

Figure 2: Example of the HPI data.

Figure 3: The historical behavior of the HPI returns for “New” and “Old” estates.

(8)

The corresponding weights
are also found.
The comparison between the components and determines the
Strategies Account Manag

choice for investments:
1.
If
estates.
2.

if

recommendation for buying “New” real

the recommendation for buying “Old” ones.
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Then, the historical period is moving one point ahead and
releasing the oldest data, Figure 4 In total the sliding operations are

7, because the HPI data concern 10 points and the historical data
use 3 points.

Figure 4: Sliding mode of portfolio evaluations.

Sequence of calculations
1.
(k )
RNew
(3K − 2)

2.

Evaluations for the first sliding period k=1, where
is the value of HPI index at time (3k-2)
Evaluation of the covariance matrix

9.

Evaluation of the maximal Excess Sharpe Ratio
and the corresponding weights
, portfolio risk
and return
which are
stored for assessments with the results from point 4.
10.

Increase k for the next sliding period, k=1…7, Figure 4.

The optimal weights of classical and BL models from p.4 and p.9,
and
are compared.

Where
The covariance matrix

8.
Multiple solution of portfolio problem (51) with EBL and
ΣBL for λ∈[0,1] and finding the set of solutions
.

Numerical results for the real estate market in Bulgaria
∑( k )

is a symmetric one and

.

3.
Solution of the portfolio problem (5) with parameters
and ∑(k ) with multiple values of λ∈ [0,1]. Each solution gives
weights
, portfolio risk
and
return
as point of the efficient frontier”. Here λ is changed
with increment of 0.01 for finding smooth “efficient frontier”.
∑( k )

4.
Evaluation of the maximal Excess Sharpe Ratio
and the corresponding weights
and return
which are stored for final assessments with
the BL model.

5.
Application of the BL model. Calculation of the “implied
σ2
asset returns””, according to (7), using EM and M from point 4.

6.
Estimation of parameters P and Q of the expert views only
on the basis of historical data. Analytical relations from [30] are
used. The current portfolio contains two assets, “New” and “Old”.
Thus, matrix P contains one row for one view with two components
P= [α1 α2]. The values αi are evaluated according to the difference
between the historical mean returns E and the evaluated “implied
returns” П. Following [30]
is the maximal value
of the relative difference (E-П). Respectively,
is the
minimal one. The matrix Q is: Q= (E-П). The matrix Ω is
where the coefficient τ = 0.1 according to recommendations [16,27].
7.
Evaluation of the modified asset parameters EBL and ΣBL ,
according to (6)

Strategies Account Manag

Numerical results are given to illustrate the beginning of
evaluations. For k=1, the first three historical values of HPI are:
HPI(New)= [0.2 3.9 2.0], HPI(Old)= [1.3 2.3 0.2]. The average
returns and covariance are.
The “efficient frontier” of this portfolio problem for the first
sliding period, k=1, is given in Figure 5. The maximal Excess Sharpe
Ratio is
where the risk free return for a month
is established to γ = 0.12
,
according
to the current policies of the
12
Bulgarian banks. The corresponding weights, giving the maximal
Excess Sharpe Return are
. The same weights
for the BL model are calculated also. The results about
obtained for k=1,…,7 are given in Table 1 and the final column
presents their mean values. The comparison between the weights of
the classical portfolio model,
and
, is given in Figure
6, respectively in Figure 7 are the results of weights according to the
BL model. Both graphics in Figures 6 & 7 have the same tendencies.
The “Old” estates considerably prevail the “New” ones, which gives
proves about the potential for investment in “Old” assets. These
results are the same, nevertheless of the portfolio problem, which is
applied in the evaluations. Comparisons can be made between the
characters of curves for the same asset but evaluated with different
portfolio model. On Figure 8 are given both graphics for the “New”
assets,
and
, evaluated by both classical and BL
models. Respectively, Figure 9 makes comparison between the
weights of the “Old” assets,
and
.
f
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Figure 5: Efficient frontier for sliding period k=1.

Figure 6: Portfolio weights

(k )
Wopt ( New)

Figure 7: Portfolio weights

(k )
WBLopt ( New)

Figure 8: Portfolio weights

(k )
Wopt ( New)
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and

(k )
Wopt (Old )

and

and

evaluated with the classical portfolio model.

(k )
WBLopt (Old )

(k )
WBLopt ( New)

evaluated with BL portfolio model.

evaluated with both portfolio model.

Copyright © Stoilov T
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(k )
Wopt (Old )

and

(k )
WBLopt (Old )

evaluated with both portfolio model.

Table 1: Portfolio weights with classical and BL models for 9 sliding periods.
k
(k )
Wopt ( New)
(k )
Wopt (Old )
(k )
WBLopt ( New)

(k )
WBLopt (Old )

1

2

3

4

5

6

7

Mean

0.1774

0.1501

0.0892

0.0201

0.0574

0.1681

0.292

0.1363

0.0761

0.0644

0.0193

0.0543

0.172

0.2928

0.1062

0.8226

0.8499

0.9353

0.9239

0.0647

0.9108
0.9356

0.9799

0.9807

0.9426

0.9457

0.8319
0.828

0.708

0.7072

0.8637

0.8938

Both Figures 8 & 9 prove the same behaviour of the “New”
and “Old” estates. The weights of the “New” assets are keeping
levels close to zero, while the levels of “Old” are close to 1. These
results recommend the investments to be made to “Old” real
estates, because they give better return in comparison with the
“New” ones. The comparisons with the average values of the assets
weights also recommend the “Old” assets. The mean column of
Table 1 gives low weights for “New” and high weights for “Old”
assets:
,
and
,
. The experiments prove the benefits, which an
investor can have, investing in “Old” assets. Here the model does
not consider trading taxes, which in real case must be taken in
consideration for the final investment decision.

Black-Litterman one. In the paper the subjective views, needed
for the BL model has been generated by additional usage of the
information, given from the historical data of the asset returns.
The subjective views have been generated according to the relative
difference between the historically evaluated mean asset returns
and the “implied returns”, defined in the BL model. Potential
extensions and future researches we find in the possibility to find
recommendations about the duration of the historical period,
which is applied for the evaluation of the mean asset returns and
the corresponding covariation matrix. The length of the history
period can be important in finding the length of the investment
period, which will give maximal portfolio return. Such analysis
currently is not made in this paper.

The research presents a way for advanced usage of the
portfolio theory. The added value of the paper concerns motivation
and illustration of applying sliding mode for portfolio definition
and solution. This approach allows being implemented active
portfolio management by changing the portfolio decisions on
each management step. Additionally, the paper illustrates that
the comparison between the portfolio weights can give useful
results for the final decision of the investment. The active portfolio
management is illustrated by the application of both important
portfolio models: the classical Mean-Variance model and the

This work has been supported by project ДH12/10, 20.12.2017
of the Bulgarian National Science fund: Integrated bi-level
optimization in information service for portfolio optimization.

Conclusion
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