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Adsorption Isotherm Deduced from
the Billiard Model and Equation
of State of a Gas of Interacting Soft
Spheres

Ramon Gonzalez Calvet*

Institut Pere Calders, campus Universitat Autonoma de Barcelona, Spain

Abstract

Billiard balls on a table are taken as the model for the adsorption of spherical molecules. In the billiard
model, spheres have a finite volume, translational energy and can move freely on the surface. The free-area
function is defined as the fraction of area available for a new sphere to adsorb on a surface where other
spheres are already present. The free-area function of the billiard model is obtained from simulations.
Its adsorption isotherm, which differs from the Langmuir isotherm, as well as the surface pressure are
deduced from statistical mechanics. The third virial coefficient of the surface pressure is also calculated
for the billiard model. The generalization of the billiard model to three dimensions is the gas of hard
spheres. The free-volume function that gives the volume available for a new sphere to be added to the
system is obtained from simulations and from the virial coefficients. To deal with real gases, the hardness
condition is relaxed, and soft spheres are considered and modeled with the Lennard-Jones potential
according to which the exclusion radius of the spheres decreases as the temperature increases. By adding
the attractive part of the second virial coefficient and introducing the temperature dependence of the
exclusion radius into the equation of state of a hard-sphere gas, universal curves of the compressibility
factor as a function of the reduced pressure are obtained, which are in qualitative agreement with the
experimental ones.

Keywords: Billiard isotherm; Adsorption; Hard spheres; Soft spheres; Lennard-Jones potential; Real
gases; Third virial coefficient; Diffuse layer; Double layer

Abbreviations: IHP: Inner Helmholtz Plane; OHP: Outer Helmholtz Plane

Introduction

Several equations of state have been proposed to describe the thermodynamic behavior
of real gases. The equation of state of ideal gases deduced by combining the Gay-Lussac and
Boyle-Mariotte laws was modified by van der Waals in order to take into account the attraction
between molecules and their finite volume. His equation predicted the critical point of real
gases. After division of the temperature 7, pressure p, and molar volume V by their critical
values, the van der Waals equation reduces to a single expression of the reduced variables
p,=plp,, T.=T/T,,and V. =V /V

r cr? mcr

a 3 1) 8T,
[p+V2J(Vmb)—RT = (pr+V2J(V,3j— 3 ())

m r

where the constants a and b are related to the critical parameters [1] through

a 8a

= bl = > Vm cr = 3b 2
27b* “ 27bR ’ @

pcr

which implies the principle of corresponding states: all real gases at the same reduced
temperature and pressure have the same compressibility factor (or have the same reduced
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volume). At the critical point, the van der Waals equation predicts
a compressibility factor p,V,. /(RT,)=0.375, although for most
gasesitsvalueisslightlyless than 0.3. The principle of corresponding
states, although an approximation, is more accurate than the van der
Waals equation, so that graphs of reduced thermodynamic variables
that are general for all gases can be drawn from experimental data,
even though they separate from the van der Waals equation. One of
our goals is to find an algebraic equation of state for real gases able
to fit well the graph of the compressibility factor as function of the
reduced temperature and pressure.

Van der Waals assumed that the exclusion volume is
proportional to the number of moles n, and that the free volume
sV, =V-nb, where the covolume b is a constant characteristic
of each gas, which is higher than the molar volume in the solid
state and approximately four times the volume of the molecules
according to him [2,3]. This simplified assumption differs from
the observed behavior of real gases because the free volume of a
gas of hard spheres depends on the density not linearly as van der
Waals assumed, but in a more complex way. In fact, the exclusion
volume depends not only on density but also on temperature. Both
elements will be discussed below.

For two dimensions, several adsorption isotherms were
proposed to describe the adsorption of ions and neutral compounds.
Damaskin et al. [4] listed up to 14 different isotherms. The most
widely used are the Langmuir, Frumkin and virial isotherms.
Langmuir [5] deduced his isotherm

g

1-0
under the hypothesis that molecules adsorb on localized sites of
the surface. 6 is the coverage, § is the adsorption coefficient (a
constant), and a is the activity, which is proportional to pressure
at constant temperature for dilute gases, that is, f only depends
on the temperature. He verified his isotherm with the adsorption
of several gases (N,, CH,, CO, Ar, 0,, and CO,) on mica at 155K and
on glass at 90K. However, adsorption from aqueous solutions was
first measured at room temperature and on the dropping mercury
electrode, for which localized adsorption sites are meaningless
because the electrode is liquid. The Langmuir isotherm, like the van
der Waals equation, also considers an exclusion area proportional
to the coverage. Frumkin [6] introduced an attractive term into the
Langmuir isotherm analogous to that in the van der Waals equation

%exp (-BO) = Ba 4)

where the constant B plays the same role as (it is twice) the van
der Waals’ constant a in (1). As Frumkin himself showed, his
isotherm also predicts phase transitions for values of B>4 [6], and
the critical point at B=4. In the virial isotherm, the logarithm of
the activity is equal to the logarithm of the surface excess I" plus
a virial expansion in powers of I', of which only the second virial
coefficient is usually taken into account: InT'+ BT =In S +1Ina [7].

'Coverage was calculated as 0=o, /0™

assumed not to be specifically adsorbed.

This isotherm does not have maximum surface excess, so that it
avoids the problem of its determination. We faced [8] the problem
of the maximum surface excess or the maximum adsorption charge
when we tried to reproduce the adsorption of halides by means of a
Frumkin isotherm modified for ionic adsorption

%exp(—B&) - Ba exp(aam —ﬂj )

RT

where g, is the adsorption coefficient at zero metal charge, ¢
is the ionic activity of the ion i in the solution, ¢, is the diffuse
layer potential drop (the difference of electric potential between
the boundary of the diffuse layer and the bulk solution), z; is the
charge number of the adsorbed ion, F' is the Faraday constant, R
is the gas constant, 0,, is the metal (electrode) charge and @ is a
constant that accounts for the experimental observation that In S
depends linearly on the metal charge 0,. As explained in [9] and
reviewed below in the section on the ionic adsorption isotherm,
the argument of the exponential function is thermodynamically
consistent with an electric potential drop across the interface
described by a capacitor of three plates, namely: the metal surface,
the inner Helmholtz plane (IHP) containing the centers of the
specifically adsorbed ions, and the outer Helmholtz plane (OHP)
which is the boundary of the diffuse layer. The electric polarization
inthe diffuselayeris usually described by the Gouy-Chapman theory,
and the polarization between the IHP and the OHP is modeled as a
linear dielectric medium whose permittivity is proportional to ¢ .

We reproduced successfully [8] the curves of electric capacity
versus metal charge for halide adsorption on mercury, butat the cost
of unrealistic maximum adsorption charges’: o™ =-0.40C.m"
for chloride and iodide, with B=0 for chloride and B= -7.16 for
iodide. The adsorption charges calculated from the ionic radii

for a close-packed hexagonal lattice are o™ =-1.41C.m™ for

chloride and 6™ =-0.96C.m™ for iodide. At that time (in 1989),
this paradox remained unsolved until we realized, after playing a
billiard game with a friend, that halide adsorption could be well
described by the billiard model [10]. The very negative value of
Frumkin’s interaction parameter of iodide was also explained by
the dielectric saturation of the zone between the IHP and the OHP.

Free-area function in the billiard model

Since halide ions have closed electronic shells and are spherical,
and their specific adsorption was firstly studied on the dropping
mercury electrode, which is liquid and has no structured surface,
we thought that their adsorption on metal electrodes could be
modeled as billiard balls on a table. The billiard model is nothing
more than a visual representation of a two-dimensional gas of hard
spheres. We tested [10] the adsorption isotherm deduced from the
billiard model with halide adsorption, obtaining a good result for
chloride and not so good for iodide. Details are given below in the

, where o is the specific adsorption charge of the anion since the cation is
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section on the ionic adsorption isotherm.

In the billiard model, there are no specific locations, and every
point on the surface is available to a ball unless it belongs to the
exclusion circle of another ball. The balls move freely on the surface
except in collisions with other balls. The balls are hard spheres
having a radius R. The balls in their motion are represented by
their centers as in classical physics. The free-area function of a
surface partially covered by a certain amount of balls is defined as
the fraction of surface area available for the center of a new ball to
adsorb. Let us imagine that there is only one ball on the surface.
Since the centers of two balls cannot be closer than 2R (Figure 1),
the exclusion area occupied by a ball is exactly 4zR™, four times
the area of the ball’s projection onto the surface. Therefore, at low
coverage when intersections between the exclusion circles can
be disregarded, the free-area function has the approximate linear
expression

,,--...\
/ \
/
|
\

\

\ﬁ-_’,

Figure 1: The centers of two spheres cannot approach
each other at a distance less than their diameter.

2
f(N)=1 _ARNR for
A
where N is the number of balls on the surface, and A4 is the total area

of the surface.

47NR> << 4 (6)

The free-area function depends on N, but it is better to use a
molar fraction as independent variable. Although the projection
areaofaballis &%, the cell area of a close-packed hexagonal lattice
of balls on a surface is slightly larger, 4, = 2J§R2 ,due to interstitial
spaces. Therefore, the maximum surface excess of hard balls in a
close-packed lattice is

S
P AWN, 23N’

(7

where N, is the Avogrado constant. We define the coverage as the
ratio of balls on the surface to the number of balls in a close-packed

hexagonal lattice
o T _2V3NR
r A

comp

®

The empty surface has zero coverage and the close-packed
lattice of balls has unit coverage. Therefore, the linear approximation

to the free-area function as function of coverage is
f@)= 1—% for 0<<1 ©)]

What happens when coverage increases? Intersections between
the exclusion circles with radius 2R become more frequent and the
linear law no longer holds. There is not an easy way to calculate
the area of these intersections. Thus, we resorted to simulations
to determine the free-area function (details below). The result of
averaging many simulations was a curve that can be quite well fitted
by a quadratic function. The parameters of this fit depends on each
set of simulations, so we proposed as a theoretical approximation
a quadratic function that satisfies (9) and is tangent to the abscissa
axis?

0

2
1) =[1—$j (10)

This quadratic function overestimates the true free area, as
shown in Figure 5, and reduces to zero at a maximum coverage less

than unity
0, :ﬁz 0.5513 (11
7

Simulations indicate that the free area becomes zero on average
for coverage values slightly greater than 0.57. With the billiard
isotherm, the interface reaches saturation around this coverage,
but higher coverages are possible for balls in a lattice, which are
described by the Langmuir isotherm. For halide ions, the phase
transition between delocalized adsorption and localized adsorption
is reproduced by both isotherms at coverages that are close to the
maximum coverage (11) and depend on the halide masses, because
the translational entropy of the billiard isotherm is much higher
than the configurational entropy of the Langmuir isotherm. This
phase transition occurs experimentally, and ordered configurations
of halide ions on crystalline surfaces are only observed [11] at
adsorption charges higher than —0.96C.m™ (6 =0.68) for chloride,
—-0.74C.m™ (=0.62) for bromide, and -034C.m>(6=0.32)
for iodide, although the thresholds depend on the nature and
crystalline face of each electrode.

Simulations were carried out to obtain the free-area function.
In a unit-sided square on the computer screen, the centers of the
exclusion circles are randomly placed following a two-dimensional
uniform distribution with the only condition that they cannot be
closer than o=2R (Figure 2). If the coordinates of a new center
do not satisfy this condition, they are discarded and new random
coordinates are calculated. After validating the center, its exclusion
circle of radius ¢=0.1 is painted, and the unpainted pixels of the
square are counted to obtain the free-area function. In this way, the
surface is progressively covered until the free area is exhausted. The
free-area function is the ratio of unpainted pixels to scanned pixels,
which are a sample of pixels on a grid. More details can be found in
[8]. The random boundary conditions were taken as follows: the
exclusion circles with centers in the square [0,1]? are painted, but
the free-area function is calculated by scanning only the square

“Disordered ball configurations with coverage greater than 0.58 are unlikely but not impossible, so the free area function
approaches the abscissa axis asymptotically. Therefore, it is not acceptable for a free-area function to reach the abscissa

axis at a certain angle.
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[o,1-c]*, and the coverage is calculated by counting only the
circles whose centers are inside this latter square. In this way, other
balls randomly surround the counted balls on all sides. In [10], we
incorrectly scanned the square [R,1-R]*, which is too large and
has too small random boundary because the exclusion circles have
radius o=2R. The boundary conditions were then corrected in [12]
by scanning only the square [c,1-oT.

Figure 5 shows the free-area function obtained by averaging
100 simulations compared to the theoretical quadratic function
(10), which overestimates the free area and predicts a maximum
coverage of 0.5513, slightly lower than 0.57 observed in the
simulations. More details can be found in [10,12]. In molecular
dynamics studies, the free-area function is also known as the
available surface function [13, Figure 4], [14, Figures 2-4].

Figure 2: Halfway through the simulation. Exclusion
circles in green, and free area in black.

Figure 3: Cell of a close-packed hexagonal lattice of
hard spheres. In gray the shadow of the sphere in this
cell.

Figure 4: Intersection of two exclusion circles or
spheres of radius o whose centers are separated by
a distance r. The intersection is twice the circular
segment or spherical cap with height hi=c—r/2.

Equation of state and adsorption isotherm of a gas of
hard spheres

In this section, the equation of state of a hard-sphere gas will
be derived simultaneously for two and three dimensions. d will
denote dimension, V, will denote area or volume (V,=4, V,=V), p will
denote either the surface pressure 7,—7 (7 is the surface tension)
or pressure of a volume of gas. For two dimensions, the cell area of
=2/3R? and the coverage is
defined by (8). We also define the shadow ¢, which is proportional

a close-packed hexagonal lattice is 4

cell

to the coverage, as

_zNR* 70

4 2B

If we hang a lamp over the billiard table, the shadow is the
fraction of the area shaded by billiard balls relative to the total
area of the table (Figure 3). The shadow can vary in the interval
0<@<7/(243)=0.9069. When the billiard table is filled with a
close-packed hexagonal lattice of balls, approximately 10% of the

12)

surface is still illuminated. It will be seen that the shadow is a better
variable for the deduction that follows. For example, the free-area
function (10) becomes

£(@)=(1-20)" (13)

In three dimensions, there are two compact arrangements of
hard spheres: the hexagonal lattice and the face-centered cubic
lattice. Both lattices have the same density. The volume of the
rhombohedral cell containing a sphere of radius R is

V. =+2R =5.6568R° (14)

This volume is larger than the volume of a sphere
47R* /3 =4.1888R* because of the interstitial holes. We define the
filling w as the ratio of the number of spheres in a given volume to
the number of spheres in a compact lattice
NV 42NR*
= - =" (15
vV Vv
The filling is a molar fraction (0<y <1). A widely used
variable in the hard-sphere gas literature that is similar to shadow
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is the packing fraction Helmholtz energy is
_4zNR* _Nzo’ _ zy 16) .
Y W 1 F=—kT1nZN:NkT[ nV ,+InN- 1+d1nA—Wj1nf(.,/i)dj,/,J (23)
d 0

which is proportional to the filling. The packing fraction ranges as
0<np<r/34J2=0.7405. It is a better variable for the deduction that
follows.

The free volume is defined as the volume available to the center
of a new sphere when the volume already contains other spheres.
Let us consider that there is only one sphere in the volume. The
exclusion volume is the volume where the center of a new sphere
cannot be placed. Since the centers of two spheres cannot approach
closer than a distance o=2R, the exclusion volume of one sphere
is 4ma3/3 Therefore, when the density is low, the free volume
approximately follows the linear law

4zc’ N

v, for 4nc’N <<3V

free

=V- 17

The free-volume function is defined as the ratio of the free
volume to the total volume
NGy

fw)= V;“‘ ;1—877:1—71// for

v <<1 (18)

Atmiddle and high densities, the free-volume function no longer
fits this linear approximation. Its determination is explained below
in the section on the determination of the free-volume function.

Let us now derive the equation of state of a gas of hard spheres
in d dimensions (two or three). The translational canonical partition
function of a particle i in a box with d -volume V, [10, Equation 17],
[15, Equation 4.23] is

= (19)

where A =h/~/2zmkT is the thermal wavelength (h is the Planck
constant, m is the mass of the particle, k is the Boltzmann constant
and T is the absolute temperature), and V,, is the free d-volume

available for the sphere i to be added to the system. Adding more
spheres progressively reduces the free d-volume according to
V., =V,f(w,), where y, is the filling for ; spheres in the system
(w, can also be replaced by ¢, because the deduction is general).
Therefore, the total translational canonical partition function of a
system of N spheres within a d -volume V, is

1

-]
—llz="=11/»
NIAM L]

=70 | (20)

where Gibbs’ correction for undistinguishable particles has
been taken into account. Taking logarithms, using the Stirling
approximation and approximating the sum by an integral give

N

InZy =NV ,~NnN+N-NdlnA+[Inf(y)di (1)
0
Since w, =iV;*" /V,, we can change the integration variable

(v, v,

InZ, =NInV,-NInN+N-NdInA

(22)

cell

where w = NV;" /¥, is the filling or the coverage. Then, the free

In two dimensions, the adsorption energy Nu, where u is
the adsorption energy of a molecule, can be added to F, but this
does not change the surface pressure or the isotherm, since u is
a constant added to the chemical potential that is included in the
adsorption coefficient § in (35). The pressure is obtained as the
negative derivative of the Helmholtz free energy with respect to the
d -volume at constant temperature and number of particles

oF NkT 1%

p=—|=—+| = I+— lnf(w,»)dwi—lnf(w)J
[an ]T N Vd [ 4 I[

This equation is the same as [16, Equation 2]. After integration
by parts, the compressibility factor becomes

24

IV/f(V/) Inf'(n)
Sy) S(n)

The virial expansion of the compressibility factor is usually
given in terms of the packing fraction
v,
NkT
The identification of (25) and (26) allows us to obtain the
free-d -volume function from the virial coefficients by isolation,
differentiation and integration

(25)

=1+Bn+Bn’+Bn +.. (26)

3B 4B
fan= eXP(—Zan e —] @7
whose expansion up to second order is
f(r]):1—23277+(2322 —3—53]172+... (28)

If a power law is fitted to the free- 4 -volume function, it must
be of the form
27
fap= [1 —T”J

because ofthelinearapproximations (9) (equivalentto f(¢)=1-4¢)
and (18) at low filling

fm=1-2"7 (30)
where 7 can be replaced by ¢. For d = 3, Boltzmann calculated the
free-volume function [17, Equation 11]

f)=1-8n+17n° -... (31
and therefore, the third virial coefficient as B,= 10 [18] since B,= 4.
The later bibliography confirmed this calculation [19,20]. However,
we obtained an exponent t = 3.2 in (29) from three-dimensional

(29)

for 7 <<1

simulations [12], which correspondsto f(r) =1-8n+225° —... and
B, = 20/3. This discrepancy with Boltzmann’s result helped us to
realize that the boundary conditions in our simulation were taken
incorrectly. They have been corrected here, which is explained
below in the section on the determination of the free-volume
function. The equation of state obtained from the power law (29)
by means of (25) is

PVa _y_4- ’: 1n(1—2d’7j (32)

NkT 2%n t
For the free-area function given by the quadratic law (13),t=2
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and d = 2, so the surface pressure p (the difference 7, —» between

the surface tension in the absence and presence of adsorption) is
pA _In(1-2¢) kT

=_1 = p= —p—1In(1-2 33
NiT ” P ﬂRz( p—In(1-2¢))  (33)
On the other hand, the chemical potential is obtained as
,u:(a—F) =kT(~InV, +lnN+dlnA~In f(y)) (34)
ON T, Vd

Taking into account that hy=lN+InV;*" -V, and
expressing the chemical potential 4=, +kTIna as function of

the activity a, we obtain

Pa r fa

cell
:Lo :i with /3:V"—dexpﬂ (35)
S W) 1) kT

which is the adsorption isotherm in two dimensions and also holds
in three dimensions. f is a constant (in two dimensions it is called
the adsorption coefficient) that depends only on temperature but
not on filling or coverage. Due to the equality of chemical potentials
between the adsorption phase and the solution, a is the activity in
the solution. This formalism assumes that the interface is empty and
only one compound is adsorbed. If two compounds are assumed
to coadsorb, the formalism is different and the chemical potentials
in the solution are no longer equal to the interfacial chemical
potentials. In this case, the Randles relations [21] involving surface
tension must be applied as explained in [9]. In salt solutions,
the adsorption layer contains solvent molecules, but the one-
compound formalism is still valid because the solvent molecules
are easily displaced by the adsorbed ions as if the adsorption layer
were empty. In this case, the observed adsorption coefficient is
only apparent and depends on the solvent. The co-adsorption and
apparent adsorption isotherms were discussed in [9].

Third virial coefficient of a hard-sphere gas

The second virial coefficient B, is related to the free d-volume
available to a second sphere when a first sphere is already present
in the system. In fact, B, is proportional to the exclusion d-volume
of a sphere [15, p. 388]. This yields the linear law (30). The third
virial coefficient is related to the free d-volume available to a
third spherical particle when two of them are already present in
the system. Depending on the positions of both particles, their
exclusion d-spheres may intersect increasing the free d-volume
available to the third particle.

In two dimensions, the area of the overlap of two exclusion
circles of radius o whose centers are separated by a distance r is
twice the area of the circular segment (Figure 4)

2
A =0 | arccos —— — - 1—(Lj (36)

S it
segment o 20_ 20_

Then, the exclusion area is

270 ifr>20

A =
1 r r
* | 270? —207 | arccos — ——
o 20

2
1—(FU if o<r<20  (37)
20

and the free area available to the center of a third spherical particle

A-270? if r>20

A, = .
e ) 4 270? + 262 | arccos————— J1-| - ifo<r<aoc (3%)
20 20 20

If the relative Cartesian coordinates of both particles follow a
two-dimensional uniform distribution, then the radial distribution
is given by 277 dr / A, and the average free area available to a third

particle is
2
<Aﬁcc>:A—27r0'2+ 1—[Lj ]rdr
20

4ro” T roor
J. arccos — ——
4 20 20

2
= A-270"+ @Z" (39)
Defining x=7rc>/A, and the overlap coefficient

a = <A0verlap> / (XZA) > then this average free area is written as

27

(4)=A(1-2x+ax’) with @ = e (40)

Letus consider the three-dimensional case. When two exclusion
spheres partially intersect, the volume of the intersection is twice
the volume of the spherical cap (Figure 4)

2
- ”;’ (30— h)

(4D

cap

Since h=o0—-r/2, the volume of the intersection of both
spheres is

s —%(1603 ~126°r+77)

cap

(42)

The exclusion volume of both spheres is

3
870 if r>20o
excl = 8 3 (43)
£—£(160'3 —120%r+ r3) if o<r<ao
3 12
and the free volume is
3
V- $za if r>20
Vfrcc = (44)

870’

v +2(160° ~120%r +7°) if 6 <r <20
12
If the relative Cartesian coordinates of both particles follow a
three-dimensional uniform distribution, then the radial distribution
is given by 47%dy /V , and the average free volume available to the
center of the third spherical particle is

3 2 20
(Vi) =V =27+ Z T (165" - 12647 ) e
free 3V s
3 2__6 45
_y 1_87:0' +177roz' (45)
k14 18V

Defining x=4zc"/(37) and the intersection coefficient
a= <V;m>/ (x’V), this average free volume can be written as

17

(Vo) =V (1=2x+ax’) with a= (40

The average free area (40) and free volume (46) have the same
expression so that the derivation of the third virial coefficient is the
same for both dimensions. Then, the canonical partition functions
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of each particle are
Vd

AY

and the canonical partition function of the three particles is

v 14
—A—dd(l—x) z, :A—dd(l—2x+ax2) (47)

le

3
z;%:!zd(l 3x+Q+a)’ —ax’)  (48)

Then, the grand partltlon function is
V3 3

==1

4 (1-3x+Q2+a)x* —ax’)+... (49)

where a is the acthlty
1 U
a=—-exp— (50
AP (50
The expansion of the logarithm of the grand partition function
to third order gives

—_ 2 2.3
L:m;_a_%Tax U (arape—ax)e.. 51

KTV,
The coefficients of the powers of g in this expansion are

__Vx _ Vi

b= b=

If the pressure is expanded in powers of the concentration

p =N /V,,then the virial coefficients are related with the previous
coefficients by [15, Equation 11.37]

B, =-b

2,p 2°

Q+a)x’ —ax’)  (52)

—2b,+4b;  (53)

and the virial expansion is then

2
%:p+%p2+V?”’((1—a)x2+ax3)p3+... (54)
and the compressibility factor is
v 1-a)V,;x
]]\)/k}NH 5 p+%p2+... (55)

because x <<<1.
In two dimensions, x=7zc?/A4, the overlap coefficient is
a=+/27/(4r)=0.4135 in (40), and the compressibility factor is
2 20254
A Nro +[1 ‘/E]N +...:1+2(/)+[136 4\/§J¢2+... (56)

NKkT 24 dr | 342

because ¢=NzR*/A=Nro"/(44). As function of coverage, the
compressibility factor is [22, Equation 9]

ﬂ:nlm(“i—ij 4o2141.8138042.57276% - (57)

NKT 3 9

A list of several virial coefficients B, , for a two-dimensional
gas of hard spheres (also called hard disks) calculated in different
works was given in [23, Table 1] as the quotients B, , /B;’;,l. Since

¢p=rRp and B,, = 27R*, the dimensionless virial coefficients are
obtained from these quotients by means of B,=2""B, /B; . The
results to six decimals places are shown in Table 1.

Table 1: Virial coefficients for a two-dimensional gas of hard spheres.

n 2 3 4 5 6 7 8
B /Bn ! [23] §7§ 0.532232 0.333556 0.198831 0.114860 0.065141
Bn 2 3.128018 4.257854 5.336897 6.362592 7.351021 8.338022
Bn (exact) 2 ?—% 36\/_ 80 [24]
Bn /Bn71 2 1.564009 1.361199 1.253424 1.192189 1.155350 1.134267

The quotients of consecutive coefficients B /B, , tend to the
inverse of the convergence radius of the virial series that should
diverge at the shadow of a close-packed hexagonal lattice

Jim D - 1 :&;1.102658 (58)
’li}ooB 1 (Dcomp 7

In three dimensions, x=47zc’/3V and the intersection
coefficient is @ =17/32=0.53125 in (46), and the compressibility
factor (55) is therefore

pV IN#zo® SN’z’c’

—=1+ +

NkT v 187°
as calculated by Boltzmann and Van Laar [17, Equation 12] because
n=Nnc’/6.

+oe=l+4n+107> +--- (59)

Improvement of the polynomial approximation to the
free-area function

The expansion of the logarithm in the surface pressure (33)

8
=1+2p+—¢ +... 60
NET P39 (60)

obtained from the quadratic free-area function (13) yields a third
virial coefficient B, =8/3=2.6667, but the third virial coefficient
actually is B, =3.1280 as calculated in (56) and shown in Table 1, so
the approximation to the free-area function needs to be improved
as shown in Figure 5. Two different functions can be proposed: a

pA 1 In(1-2¢)
4

cubic polynomial and a power law. Each curve must be tangent to
the abscissa axis. The free-area function obtained from the virial
coefficients by expansion of the exponential in (27) to third order is

3B, 4B} 4B
f(¢)—1—232¢+[232 5 J(ﬂz—( 32—3BZB3+T4]¢3+... (61)

From the exact values of B, and B, in Table 1, we find
63

f(@)=1-dp+——¢" —--=1-490+3.307973¢p" —---  (62)
T

Let us add a cubic term c,¢’ to this quadratic function so that
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it is tangent to the abscissa axis: the free-area function and its
derivative must be zero at the maximum shadow

6ﬁ

f(@)=1-4p+—=¢" +¢,p’ =0
d
and M:—4+%¢+3c;¢2 =0 (63)
de T :
whence
df(¢) 63
31 -p TP 0B o gy a0 (e
do
whose solution is
 _AN16- 183/ 16-18V3/7 _ () 464030
6x/§/7r
o 0, = 230 _A-N16-18B3 17 )06 (65)
T 3
and then the cubic coefficient is
5/2 3/2
- 4-12\Bg,, I 7 _ 12821633/ 7 +27*(8=93 / ) = 1439544 (66)

302, 27
that can be written as a function of the quadratic coefficient
c, = 6\3 /7
128-36¢, +2(16-3c,)””
o 27
Therefore, the cubic polynomial tangent to the abscissa axis

(67)

that approximates the free-area function is

63

f(@)=1-d4p+——¢" +1.439544¢> (68)
T

to be compared with the cubic deduced from the virial expansion
(61)

0.8 1
0.7 4
0.6
0.5 1
0.4 1
0.3 1
0.2 4

0.1 1

fl@)=1-4p+——

6\/— [24[ 320] \
& e

V4 37’

;1—4¢;+3.3080¢>2 +2.4243¢° + -+ (69)

calculated with the known exact value of the fourth virial coefficient
[24] listed in Table 1. The function (69) does not touch the abscissa
axis, so it needs a fourth-order term to reach zero value. We believe
that the cubic approximation (68) is good enough for applied and
technical purposes. It can also be written as function of coverage
3 N

6 ~1——0 —92+c & with ¢
f( ) 3 3 8@

5

Figure 5 compares the free-area function obtained from

=1.073748  (70)

simulations (squares) with the cubic function (70) that already
includes the third virial coefficient, and with the quadratic function
(13). The cubic function (middle line) fits simulations better than
the quadratic function (upper line) but still differs slightly from
them as shown in Figure 6. On the other hand, the maximum
coverage (65) predicted by the cubic (9, =0.5177, ¢,,, =0.4640)
is smaller than that predicted by the quadratic function
=\3/7 205513, ¢, =1/2), which is also smaller than observed

mu

in 51mulat10ns (¢

‘max

B 0 B N
pa P - o5,

1——39+—02+107374893 1- 40+ 22 7 +1.439544¢°

NG

~0.57). The adsorptionisotherm (35) is therefore

(7

0.0 T T T T
0.0 0.1 0.2 0.3 0.4

0.5 0.6 0.7 0.8 0.9 1.0

Figure 5: Free-area function obtained from averaging 100 simulations (squares) compared with the quadratic
function (13) (upper curve), the cubic function (70) (middle curve), and the power law (72) (lower curve).
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0.0 01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Figure 6: Free-area function obtained from averaging 100 simulations (squares) against the cubic (70) for the same
coverage. The free-area function is slightly lower than the cubic at middle coverage but higher at saturation where a
maximum coverage higher than predicted by the cubic can be reached. The line with unity slope is the identity.

The Langmuir isotherm and the quadratic and cubic approximations to the billiard isotherm isotherms are plotted in Figure 7 together
with their maximum coverage.

0.9 -

0.8 1

0.7 1

0.6 1

0.5 1

0.4 4
0.3 1
0.2 4
0.1 4 ﬂtl

0 T T T T T T T T T 1

0 1 2 3 4 5 6 7 8 9 10

Figure 7: Coverage against the reduced activity for (from top to bottom) the Langmuir isotherm (3), the quadratic
(10) and cubic (70) billiard isotherms together with their respective maximum coverage (horizontal lines).
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Another option for the free-area function is the power law
f(qo):[l—“T(p] :174‘“@“
whence we obtain the exponent t by equating (72) with (62)

G O S (73)
t V4

47 -33

This exponent is less than 2 in the quadratic approximation
(13). The maximum coverage predicted in this caseis §__=0.4700

(72)

or ¢, =t/4=0.4263.Figure 5 shows that it differs from simulations
close to the maximum coverage, and that the cubic function is better.

Determination of the free-volume function

Simulations were carried out [12] to find the free-volume
function by placing spheres randomly within a unit cube, checking
that their centers are no closer than g, scanning this volume and
counting the points located outside all the exclusion spheres. The
free-volume function is the probability of any point to be available
for the center of a new sphere to be added to this volume [16].
Therefore, it is not necessary to scan points in the entire volume.
Instead, points in a subset like a plane or even a line can be scanned.
All three options were programmed [12] resulting in similar free-

1.0 4
0.9
0.8 4
0.7
0.6 -

0.5 -

100 simulations

0.4

0.3 4

0.2 4

0.1

0.0

volume functions but with different deviations from the mean.
Scanning the entire cube is very slow. Scanning a transversal plane
is faster, and deviations are not very large. Scanning a line is very
fast but deviations are much larger, so that averages have significant
errors according to the central limit theorem. Scanning a transversal
plane seemed to be the optimal algorithm. The function that best
fitted the simulations was the power law (29) with the exponent
3.2, which predicts a free-volume function f(17)=1-87+221" -...
and a third virial coefficient B, = 20/3. However, Van Laar found

f()=1-87+17p° —... [17, Equation 11] and Boltzmann found B,
=10 [18]. We also recalculated the third virial coefficient by three
different analytic ways always obtaining Boltzmann’s result B, = 10
(one way using the grand partition function is explained above in
the section on the third virial coefficient of a hard-sphere gas and
leads to the virial expansion (59)). To resolve this contradiction,
we reexamined our simulations, and we realized that the boundary
conditions were incorrect. After taking the correct boundary
conditions, the agreement between the simulations and the free-
volume function obtained from (27) using all the virial coefficients
given in the bibliography up to B, is excellent as shown in Figure 8.

free-volume function

0.0 0.1 0.2 0.3 0.4

0.5 0.6 0.7 0.8 0.9

virial

Figure 8: Free-volume function obtained by averaging 100 simulations (squares) against that calculated from (27)

with the virial coefficients up to B1 )

Let us explain why these boundary conditions of the two-
dimensional counting were wrong. In [12], the centers of the
exclusion spheres of radius ¢ = 2R = 0.1 were randomly distributed
in the box [0,1] x[-o,0] according to a three-dimensional
uniform distribution always ensuring that the distances between
them were greater than o. At the same time, the exclusion circles

given in [25]. The line is the identity.

that are intersections of the exclusion spheres with the plane z =
0 were painted in the square [0,1]? on the screen. That is, z is the
coordinate perpendicular to the computer screen, and z = 0 is the
plane of the screen. If a center of a sphere has coordinates (x, y, z),
then the exclusion circle with center (x, y) and radius /52 _ ;2 is
painted in the square. At each step of the simulation, the square
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[o,1-c] is scanned, and the ratio of unpainted points to the
scanned points gives the free-volume function. The scanned points
are on a grid with a step of 0.01. The average of one hundred
simulations provide a smooth curve of the free-volume function.
The boundary conditions were not correct because, although the
spheres whose centers lie in the box [0,1]* x[~c, o] are the only
that intersect the plane z = 0 and contribute to its exclusion area,
their locations are not affected by other surrounding spheres in a
part of the space, which reaches half the space for those centers
placed at z =*0 . Therefore, the correct way to ensure that the
spheres having the centers in this box (gray box in Figure 9) have
the right distribution is to place spheres with centers within the
wider box [0,1T’ x[-20,20] following a uniform three-dimensional
distribution. Then, those whose centers lie in the box [0,1]* x[-0, 0]
and intersect the central plane z = 0 have surrounding spheres
everywhere (Figure 10).

z=0:6\ I/z=20'
N
y
0
>
Pz

1

Figure 9: The gray box contains the centers of the
exclusion spheres that intersect the central plane z =0.
They require exclusion spheres with centers placed in
the largest box from z=-20 to z=20 for appropriate
random boundary conditions. The scanned square is

[o, 1—0']2 in the central plane z=0.

Figure 10: Central plane z =0 of the box in Figure 9.
The green circles are the intersections of the exclusion
spheres with this plane.

Although the virial expansion provides an almost exact
description of a gas of hard spheres, itis nota simple expression well
suited to find a simple equation of state for real gases. Therefore, the
power law (29) remains interesting. We have searched for a power
law that approximates the free-volume function obtained through
(27) from the virial coefficients given in [25]. We found that the
best exponent is t = 8/3 as shown in Figure 11. For this exponent,
the largest difference between the power law and the free-volume
function obtained from the virial expansion is 0.011, and the free-

volume function (29) and the compressibility factor (32) become

S =0=-3p¥ =1-8n7+20n" +...<

Vv 5 8 2

LY 2 n(1-3np)=1+4n+8n° +... 74

NIT 3 o n(1-3n)=1+4n+3n" + (74)
which  differ from f)=1-8n+17p" +... and

pV [ (NkT)=1+4+105> +... calculated by Van Laar and Boltzmann.
This is the price to pay for having a power law that approximates
the free-volume function well enough for all coverages. The power
law provides an easy expression of the compressibility factor. On
the other hand, the power law (29), although approximate, gives
a positive answer to the question of whether the virial coefficients
are all positive, because the compressibility factor (32) contains a
logarithm whose expansion only provides positive terms for any
positive exponent t. On the other hand, it must be noted that any
virial expansion is notvalid beyond the radius of convergence, which
is the maximum of . Since only a finite number of virial coefficients
are known, the radius of convergence cannot be calculated, but an
estimate can be found from the quotient of virial coefficients, which
are 4, 2.5, 1.8365, 1.5369, 1.4107, 1.3397, 1.2847, 1.2524, 1.2313,
1.2017 and 1.0472 from B,/ B, to B, / B,, according to [25]. The
last quotient is not reliable because B, still has a lot of uncertainty.
The filling of a close-packed lattice of spheres is Vem, =1 and
then n = ;z/(3\/§) =~(.7405, which should be the radius of
convergence for the virial series. It implies that

B
i P 32 (75)
k—0 By T
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Figure 11: Free-volume function calculated from the virial coefficients by means of (27) (squares) and from the
power law (29) (curve) with exponent ¢ =8/3 against the packing fraction.

The singularity and the radius of convergence of the virial
series have been discussed in [26]. In our simulations, the free
volume becomes zero about i ~0.57 onaverage, and 7,,, =0.42.
Anyway, close to 7., the phase transition towards a solid
ordered lattice takes place. Monte Carlo and molecular dynamics
simulations [20,27] show that freezing occurs at 17 = 0.49, melting
occurs at 7 =0.539 and the maximum random packing fraction
appears to be 7, =0.64. The power law with exponent 8/3
predicts 7, =1/3=0.3333, where the compressibility factor (74)
becomes infinite. For 77 =0.42, the compressibility factor given by
the virial expansion is only 7.81.

The compressibility factor can be calculated from the twelve
virial coefficients given in [25]. However, a simpler expression can
be found for use in the graphs of the compressibility factor. We have
found that the exponential function

PV exp[47]+5772 +1.17175n3j (76)

NkT 3

fits the compressibility factor calculated from the virial expansion
very well, as shown in Figure 12. The difference between the two
values of the compressibility factor for 0<7<0.74 is less than or
equal to 0.6%. The expansion of this exponential gives

55 3. 29 4 3 4
exp| 4+ =" + 1171757 | = 1+4n+—n’ +18.5051p" +30.07597" +... (77)
3 3

thatis, B, =4, B, =9.6667 (exact value 10), B, =18.5051 (exact value
18.3648), and B, =30.0759 (exact value 28.2244). From (76),
however, no easy algebraic expression for the free-volume function
can be found. On the other hand, this exponential function does not
have the expected singularity. Anyway, it provides better values of
the compressibility factor than the potential law.
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Figure 12: Logarithm of the compressibility factor versus the packing fraction. Curve calculated from the virial
expansion (26). Squares calculated from the exponential function (77).

Soft spheres and the Lennard-Jones potential

Real gases cannot be completely described by a hard-sphere gas.
However, some conclusions obtained from this model can be applied
to real gases with appropriate adaptation. The first approximation
to the behavior of real gases was the van der Waals equation. This
equation incorporates two features, an attractive term added to the
pressure, and a co-volume of molecules which is subtracted from
the gas volume. The van der Waals equation predicted the critical
point and the corresponding states: a universal equation of state
written with reduced pressure, volume and temperature obtained
by dividing by their critical values holds for all real gases. This is
a very good approximation for real gases, but the experimental
plot differs from that calculated using the van der Waals equation.
The hard-sphere gas modifies the van der Waals correction of co-
volume, since it is clear that the occupied volume is not the sum
of the exclusion volumes of hard spheres except at low densities.
However, the hard-sphere radius of real gases is not constant
and depends on the temperature. In fact, molecules behave like
hard spheres only at low temperatures and like elastic spheres at
higher temperatures. On the other hand, attractive van der Waals
forces are not included in the hard-sphere model, so they must be
incorporated in some way. We did it in [12], and we now briefly
explain these modifications. The second virial coefficient of the
expansion of the pressure in terms of the density

% =p+8,,(T)p* +B, ,(T)p’ +.. (78)

is calculated (in three dimensions) as the integral [28]

B, (T)= %T(l - exp(—%j}m’zdr (79)

0
where u(r) is the potential energy as function of the distance r
between the centers of two molecules. Since two centers of hard
spheres cannot approach a distance less than o = 2R, the potential
energy for the hard-sphere gas is

{+oo if r<o
u(r)= (80)

0 if r>o

For this hard-sphere potential, the calculated virial coefficient
is B, , =27c* /3, which corresponds to B, = 4 in the virial expansion
of the compressibility factor (26) in terms of the packing fraction 7.

In order to go beyond the hard-sphere model, we chose the
Lennard-Jones potential, which well approximates the power laws
of intermolecular interaction at long and short distances

u(r) = 45(%—%] @81

To calculate the second virial coefficient from the Lennard-
Jones potential, we split the integral (79) into two intervals, one
repulsive (0 < » < o ) and other attractive (» > o)

B, ,(T)= %I[1 —exp[—%]]hﬂzd}’ +%I(l —exp (—%}]47172& (82)

The strategy of separating the repulsive and attractive parts
of the intermolecular potential is frequently used in the literature
[29]. It allows us to find different analytic approximations.

The expansion of the exponential in the second integral of (82),
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which is possible because —& <u(r)<0 in the attractive interval
and usually &/kT <1 for the gas phase, gave rise to [12, Equation

52] (Appendix)
+0 , , . ) 3
B (T):lj 1-exp| -4 |gzyigy o N0e70" 1286 70" 10246 70
kT Ok 3I5K°T°  10395k'T

Sinceszp=Bzy70, and 7,=70’p/6, then the dimensionless
attractive second virial coefficient in the expansion (26) is

(83)

6B” 2 3
o 320 25627 20485 o

Bl =
o’ 3kT  105k°T?  3465K°T°

Integration by parts [30] of the first integral in (82) gives the
repulsive part of the second virial coefficient as

B;_/)(T):%T[l—exp[ ()B4 r2dr=— ;ZTT#exp( ()j (rdr (85)

If we take u as the independent variable, this result can be
written as

B lf’ r(u) [ jd_u 2720
B 219 kT )kT 3

u(r)/e

(86)

4 4

because u(0) =+ and u(o)=0. Taking r as the unknown in the
Lennard-Jones potential (81), the function r(u) is found as the
solution to that equation for r < o

r(u)=

o

61+\/1+”/5

2

r(u) is the shortest distance to which the centers of two spheres

(87)

with relative energy u can approach each other, which depends
on the energy level as shown in Figure 13. The higher the energy,
the smaller the radius of maximum approach. Therefore, with the
Lennard-Jones potential, hard spheres become soft spheres like
elastic balls, a model which better approximates real gases. The
Lennard-Jones potential describes elastic energy as a function of
the distance between the centers of two balls during a collision. <r3>
can be interpreted as the average of the cubic power of this shortest
distance for different energies following the Gibbs distribution [31].

rloc

1

Figure 13: Reduced Lennard-Jones potential as a function of the reduced distance between the centers of two
spherical molecules. The horizontal lines indicate a few levels of relative energy. The higher the relative energy, the
smaller the minimum distance they can reach (the radius of the exclusion sphere).

(8%)

+00 du
3
r rexp| —— |—
)= [real - )iz
Then, the repulsive part of the dimensionless second virial
coefficient is

6Br 4 +00 du 4 <r3 >
Br — 2,p 42
Y et o '[ [y exp[ kT j kKT o

Introducing the change of variable x =

(89)

u/kT and the
dimensionless temperature 7 = kT / &, the dimensionless repulsive
second virial coefficient is written as

B, :4T7e"p(_x)d" -4 0

1+/1+x7 g(7)

2

where g(7) is a function that tends to unity at zero temperature.
Since the integral cannot be integrated analytically, we have sought
and found an approximation to g(z) with the help of numerical
integration

o) ;\/1+\/l+cr+(1—c)ln(l+z') with
2
The goodness of this approximation is shown in Figure 14.
Although the best fit that minimizes the sum of the squares of the
differences is obtained for ¢ = 0.507818922, we choose ¢ = 0.5 for
simplicity.

c=0.5

©n

Now, the repulsive second term in the virial expansion of the
compressibility factor is
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Figure 14: The repulsive part of the second virial coefficient B, divided by 4 for the Lennard-Jones potential (81)
against kT /¢ . Squares calculated from Simpson’s numerical 1n%egrat10n of (90) with step Ax=0.1. Curve calculated

with the approximation (91) of 8(7 (7).

4n
Bp =—2N
2770 g(T)

where 7, = 70° /6 is the packing fraction for an exclusion radius

=47 (92)

o and T = 0. By adding the attractive part (84) and the repulsive
part (92), the dimensionless second virial coefficient can be
approximated by
B, = 4 —(£+ 2562 + 20483 +) (93)
g(r) 3z 10577 34567
Table 2 shows the reliability of this analytic approximation to B,

as its difference from the exact values of the numerical integration
in [15, Appendix 11.1] is 1% or less. Here some errors in the second
and third columns of [12, Table 2] have been corrected. The exact
analytic expression for B, for the Lennard-Jones potential has been
given as a linear combination of modified Bessel functions [30].
However, the algebraic approximation (93) remains useful, since it
is much easier to implement and calculate than the modified Bessel
functions.

Table 2: Second virial coefficient.

kT /e Fy [15, App. 11.1]° B, =4F; B, (93)
1 —2.5380811 —10.1523244 ~10.0126
2 —0.6276252 —2.5105008 -2.5062
5 0.2433435 0.9733740 0.9790
10 0.4608752 1.8435008 1.8560
20 0.5253742 2.1014968 2.1158
40 0.5185750 2.0743000 2.0846
80 0.4797901 1.9191604 1.9220

2Obtained from numerical integration. Some errors in [12,
Table 2] have been corrected here.

The variable 7 in (92) can be interpreted as a packing fraction
like n, but corresponding to the dimensionless temperature t

o
n= (94)
g(7)
The exclusion radius at a certain temperature 7' =¢7/k is
smaller than the exclusion radius o at zero temperature, that is, real

gases can be considered as a gas of soft spheres with an average
exclusion radius that depends on the temperature. Therefore,
Figure 14 also displays how the exclusion volume of a spherical
molecule decreases as the temperature increases. If we introduce
the variable z = ¢3 / r? the attractive part of the second virial
coefficient can be written as the integral

4(24 —zz) dz

1
B”=4j l—exp| ——— | |= (95)
0 z

T

We use the numerical evaluation of this integral instead of
the approximation (84) to achieve more precision in determining
the critical point. By introducing 1 (94) into (74) and adding the
attractive part of the second virial coefficient (95), we obtain how
the free-volume function and the compressibility factor depend on
temperature

ol -

LA D RO B G 1) TG P PO
T 3+4770£[1 exp[ . = on In| 1 <) (96)
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This equation of state satisfies the principle of the corresponding
states: after dividing the pressure, temperature and molar volume
by their critical values, a single equation of state is obtained for the
reduced magnitudes. To find the critical parameters, we write the
pressure as function of 77, = Nzc’ / (6V)

3 1 4 2
pro 5 ) 4(z"—z7) | |dz  8g(7) 31,
=2 an{| 1-exp| - 8@ [ 97
okt 3 "”! ( eXp[ . 2 9 U e ©n

The critical point is the horizontal inflection point of the
graph of pressure versus volume V or versus 7, which is inversely
proportional to V. By setting the first and second derivatives equal
to zero, we find

3 1 4_ 2
el =—§+8noj' loxp| HE =N, 83 (o)
6kT \ O, ), 3 o T zo 1-3n,/g(7)
7o’ (&’p zgj 1—exp LA - e, 80 _, (99)
6kT \ on; .o T 2 (1-3n,/g(x))

Substituting (99) into (98) gives the equation

5 8x
——

~ with x==M (100
3 3(1-x)

g(7)

=0=>5x"+6x-3=0

8
3(1-x)

The solution to this equation is the critical value of x
3n,_N24-3
g(z.) 5
from which the critical value of 5, is deduced
_ %8 (%)

[C 3
and must be substituted into (98) to find

1 4 2
_§+8x[.,,g(r(,,)I[l_exp[_4(z -z )D%Jr 813 _,
0

cr

=0.37979590 101)

(102)

3 3 . 5 (103)

o z= 1-x

or

This equation can be solved numerically to find
t, =kT, /&£=136583577and 7, =0.14022713, or ¥, =0.18937316
Then, the critical temperature is
T, =136583577% or &= _ M. s
k 1.36583577
and the critical volume is
Nro® 6x0.14022713V,
Vep = o or g=3-= o (105)
6x0.14022713 \ Nz
The critical pressure is obtained from (97), (99) and (101)
3
o 5 4 8
PalT o2 el e pn(1-x,)  (106)
OkT,, 3 30-x,)" 3x,
and the compressibility factor at the critical point is
P 5 e 8 g y2037096572 (107)

3 3(1-x,) 3x

cr

NkT,

cr

The van der Waals equation predicts a critical compressibility
factor of 0.375 but for most real gases it is less than 0.3 and for
noble gases it is close to 0.3. Having determined the critical point,
we can now use the approximation (84) to B; in the equation of
state and replace (96) with the approximate equation

ﬂ;if(ﬁ 2562 s 20483}70785;(1) 1n(13’7°J (108)
NkT 3 \3r 105¢° 34567 on, g(7)
where 7=4kT/¢=1.36583577 T/T,.

The compressibility factor calculated from (108) is plotted
versus the reduced pressure p/p, in Figure 15 for the reduced
temperatures 7/7, equal to 1, 1.1, 1.2, 1.3, 1.5, and 2. When
these curves are compared with common experimental curves
obtained for various real gases [32-37], it is seen that the calculated
minima (0.30, 0.47, 0.60, 0.69, 0.82, and 0.97) are higher than the
experimental minima (0.22, 0.40, 0.55, 0.65, 0.80 and 0.96) and
occur at lower reduced pressures (1.12, 1.82, 2.25, 2.67, 2.97, and
2.50) than the experimental ones (1.2, 2, 2.6, 3.0, 3.5, and 3). On
the other hand, the calculated values of the compressibility factor
in the zone of linear behavior at high pressures (right of Figure 15)
are higher than the experimental values, for example, for natural
gas [38, Figure 1]. The intersection pattern of the linear variations
is similar, but the calculated curves cross for reduced pressures
comprised between 5 and 8 while the experimental curves do so
for reduced pressures between 7 and 11 or so. The conclusion of
this comparison is that our equation of state (108) underestimates
the attractive forces but describes well the variation of the free
volume and the effective exclusion radius with temperature. This
makes sense because this equation of state incorporates only the
attractive part of B, but omits the attractive parts of other virial
coefficients. The repulsive part of all virial coefficients seems
to be well described by the effective exclusion radius, whose
temperature dependence is already included in the equation of
state (108). In [12], we calculated the exclusion volume assuming
the Maxwell-Boltzmann distribution for the relative velocities,
instead of Equation (89) similar to the Gibbs distribution. Due to
incorrect boundary conditions, we also took an exponent 3.2 for
the potential law of the free-volume function instead of the correct
value 8/3. Despite these two erroneous assumptions that have now
been corrected, the conclusions were similar to those found here.
The fact that variations in the energy distribution or the power law
exponent do not substantially modify the compressibility factor
curves is an indication that an additional attractive term is needed.
Therefore, further research on the attractive parts of higher virial
coefficients will be carried out in the future.
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Figure 15: Compressibility factor calculated from Equation (108) as a function of the reduced pressure for the
reduced temperatures T/T, equal to 1, 1.1, 1.2, 1.3, 1.5 and 2 (curves from bottom to top).

The ionic adsorption isotherm

This section deals with the adsorption of ions in the presence
of an electric field across the interface, whose description is more
complex than that given by the Langmuir isotherm or the billiard

model. In general, an adsorption isotherm for a two-dimensional
hard-sphere gas of ions is given by

F
b -4 ¢2 j =B, exp[acm -

ZiF¢2j
f(@) RT RT

where the Faraday constant is F =96,485.322...C/mol [39], and
the gas constant’ is R =8.314462..Jmol'K™'. The adsorption
coefficient 8, depends on the metal charge, so £, is the adsorption
coefficient at zero metal charge. With the modified Frumkin
isotherm (5), which includes the same electric factors as on the
right-hand side of (109), we reproduced [8] the adsorption of
chloride and iodide at constant ionic strength and at varying ionic

=f.qa, exp( (109)

strength, as well as the capacity curves using the thermodynamic
relation

1 _(0E" ) _[CE N OF 00 (110)
Cc \oo, B oo, ), (00 ) \oo, ;

where C is the interfacial electric capacity (in F/m?), E* (in V) is
the electrode potential of a cation-reversible electrode (if the

adsorption of an anion is measured), and u is the chemical potential

in the solution. The capacitance is usually measured by applying a
small oscillation to the electrode potential. The change in E* means
that the coverage also changes by adsorption and desorption at
constant chemical potential. This process is slow in comparison
with the very fast dielectric response of the adsorption layer, so
the capacitance depends on the frequency of the oscillation applied
to E*. Cis the extrapolation of the capacitance at zero frequency. A
model of diffusion-limited complex capacitance was given in [40].

OE"
oo, ),

can only be measured at high frequencies where changes in

The partial derivative

(111)

adsorption are limited by diffusion, although this derivative has
sometimes been confused with the capacity at zero frequency.
As the frequency increases further, a point is reached where the
dielectric relaxation cannot keep up with the oscillation of the
electric field. The relative permittivity of the adsorption layer is
very low, around 6 [10], while that of liquid water is around 78
(at room temperature). Liquid water has two dielectric relaxation
processes [41]. At 298.15K, the complex dielectric constant is the
sum of two relaxation processes with amplitudes of 72 and 1.75,
and relaxation times of 8.38ps and 1.1ps respectively plus an
amplitude of 4.57 at infinite frequency (total dielectric constant of
78.32). The main relaxation process is due to the motion of protons
in the quantum regime along chains of water molecules following

“The constants F and R can be replaced by the elementary charge e and the Boltzmann constant k, whose values are
exact [39], although this is not useful because experimental errors in adsorption studies are much higher than rounding

errors in F and R.
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Fermi-Dirac statistics [42]. Because adsorbed water chains are
expected to be parallel to the surface, the motion of protons cannot
respond to variations in the electric field applied perpendicular
to the interface. Therefore, only the second dielectric relaxation
mechanism of liquid water can account for the polarization of water
molecules in the adsorption layer. This gives a dielectric permittivity
of 1.75+4.57=6.32, close to the observed value 6.73 (see below).
In our opinion, the reorganization of the external protons, those
not involved in hydrogen bonds of the water chains, together with
the polarizability of the electron clouds explain the low dielectric
constant of the interface.

The form of the adsorption isotherm (109) is not capricious.
De Levie [43] introduced the Boltzmann factor z,F¢,/(RT) to
correct the Frumkin isotherm for ionic adsorption. This factor can
be understood in two equivalent ways. The electric potential is a
continuous function of the distance to the metal surface. Thus, the
electric potential at the plane where the centers of the adsorbed
ions are located, the inner Helmholtz plane (IHP), is the addition
of a potential drop across the interphase (the adsorbed phase) and
the electric potential at the boundary of the diffuse layer, the outer
Helmholtz plane (OHP). The electric potential at the OHP, also called
the diffuse layer potential, is just ¢, taking the electric potential at
the bulk solution as zero. Therefore, the ionic electrochemical
potential in the adsorption layer is the sum of the interfacial
chemical potential due to coverage, the electric potential drop
between the IHP and the OHP times z,F, and zF¢,. Equilibrium
between the adsorption layer and the bulk solution implies that the
interfacial electrochemical potential equals the chemical potential
in the bulk solution leading to the ionic adsorption isotherm with
the Boltzmann factor. The other way to understand the Boltzmann
factor is to assume that equilibrium implies equality of chemical
potentials in the adsorption layer and at the OHP. Of course, the
ionic concentration at the OHP differs from the ionic concentration
at the bulk solution owing to the polarization of the diffuse layer.
The constancy of the electrochemical potential across the diffuse
layer yields the equality

I =My, = i +z,Fd =y, =Ina,=Ina (112)

sln,00

i z,F¢,
RT
and thus, the Boltzmann factor enters the adsorption isotherm.

The term o, accounts for the variation of In 3 with the
metal charge o, , which is approximately linear for many ions.
This term and the Boltzmann factor are thermodynamically linked
to Grahame’s electric model of the double layer. Let us give more
details. Dutkiewicz et al. [44] studied the adsorption of iodide

on mercury from solutions of x M KI+ (1-x)M KF | where x is
the iodide molar fraction. Under the assumption that the surface
excesses of iodide in the diffuse layer and fluoride are proportional
to their concentrations (it is assumed that fluoride is not specifically
adsorbed) .

Lo __x (113)

rr 1-x

the electrocapillary equation at constantionic strength directly gives

the surface excess of specifically adsorbed iodide. This assumption
is more general than the Gouy-Chapman theory and is also satisfied
by other alternative theories such as the compatible theory [45].
On the other hand, since the concentration of the cation K*and the
ionic strength are constant, the variation of the potential of a cation-
reversible electrode is equal to the variation of the potential of a
reference electrode such as the normal calomel electrode (NCE*)
with which the experimental measurements were carried out, that
is, dE* =dE,;. Therefore, for adsorption at constant ionic strength
such as Dutkiewicz’s system, the electrocapillary equation is

dy =-Tidu}, —0,dE (114)

where T} is the specifically adsorbed surface excess of the ion i,
E is the electrode potential with respect to a reference electrode
such as NCE, SCE or NHE (normal hydrogen electrode), and

dufy, =dx/x due to the constancy of the activity coefficients at
constant ionic strength®. Parsons defined the Legendre transform
{=y+0,E of the surface tension in order to replace E by o,
as the independent electric variable. Similarly, we defined the
function® ¥ = ¢ +iuy, =y +0, E+T4, (8] in order to replace
the chemical potential by the surface excess as the independent
chemical variable. Its differential is

dy =y, dT"} + Edo,, (115)

The integration of the ionic adsorption isotherm (109) with
respect to the surface excess at constant metal charge taking into
account that the diffuse layer potential is only a function of the
diffuse layer charge’, that is, ¢,(c, +0,)and o, =z,FT}, gives

v =RTTT™ (h(o,)+ [In0d0~[In f(6)d6-01n B, - abo,)

+J.¢2(o—m +0,)do,
where h(oc,) is an arbitrary function of the metal charge. The

partial derivative of ¥/ with respect to the metal charge is the
electrode potential

(116)

dh
E-| OV :RTF,"‘“L"’)—E(ZUﬁ(/ﬁZ
oo o do, z,F

m

117)

i

“The normal calomel electrode (NCE) is a reference electrode with a solution of 1N KCl in equilibrium with Hg,Cl,
(calomel). The saturated calomel electrode (SCE) has a saturated KCI solution. The potentials with respect to both

electrodes differ by 27mV.

°At constant ionic strength, the activity coefficients are approximately constant and their variation with the ratio of

iodide to fluoride can be neglected.

“Here ¥/ is a Legendre transform of the surface tension which should not be confused with the filling.

"The charge of the diffuse layer is opposite to the addition of the metal charge and the adsorption charge, ¢, =-0, -0

due to the condition of electroneutrality of the interface.

mo
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Thus, the electrode potential is the diffuse layer potential plus
an electric potential drop across the inner part of the interface that
includes a potential drop due to adsorption and another due to
metal polarization (plus a constant), as we expected from the fact
that the electric potential is a continuous function of the coordinate
perpendicular to the interface. Therefore, the Boltzmann factor
in the adsorption isotherm is thermodynamically linked to the
electric potential drop across the diffuse layer. To see that the term
ao,, in the adsorption isotherm is also thermodynamically linked
to the potential drop across the adsorption layer, let us recall that
Grahame [46] modeled the interface as a condenser of three plates
(Figure 16): the metal surface (0), the IHP (1), where the centers of
the adsorption charges are located, and the OHP (2), which is the
boundary of the diffuse layer. Applying the Gauss theorem to this
capacitor, we find [9]

O O'l Oy
metal solution
S X
X, X X,
IHP OHP

Figure 16: Grahame’s model of the electric double layer
like a condenser of three plates: the metal surface (0),
the IHP (1), and the OHP (2), which is the boundary of

the diffuse layer.

¢07¢1:%(x17x0)
. -:O' :>¢0—¢2:%(x2—x0)+%(x2 _xl)
b-¢,= mg ](xzfxl) ! !
1

(118)

with x, <x, <x,, where ¢ is the absolute permittivity of the inner
layer between the metal surface and the OHP. The identification of

the two second terms in (117) and (118) gives
o ziF(x2 —xl) & g=- z,.F(x2 —xl)

RT¢, RTa

The diffuse layer is the zone of polarization of the solution.
The diffuse layer potential ¢, is the difference of electric potential
between the OHP and the bulk solution. It is usually calculated using
the Gouy-Chapman theory. However, we proved [45] that any theory
of the diffuse layer must satisfy the thermodynamic compatibility

(119)

equation. For a symmetric z : z electrolyte, under the approximation
that the activities of the anion and cation are the same in the bulk
solution, the compatibility equation can be obtained [47] from the
Schwarz theorem of equality of mixed partial derivatives

[ o4 | _
Ot ).,

of the addition of the Parson’s functions &, +& for an ideal non-
adsorbed electrolyte (for more details see [40,45]). T';and ch are
the surface excesses of the anion and cation in the diffuse layer, and

o(r;+19)

oo,

(120)

o, = zF ('S —T'}) is the diffuse layer charge. The Gouy-Chapman
theory, which is based on the constancy of ionic electrochemical

potentials given by Z=u"+RTInc,+zF¢$ across the diffuse layer,
only satisfies the compatibility equation (120) for dilute solutions,
but not for concentrated solutions, where chemical potentials are
the logarithms of activities that differ from concentrations. Our
compatible theory of the diffuse layer [45] based on the constancy
of the electrochemical potentials

RTIna), (x)+z,F¢, (x)=RTIna

sln sln,o0 + ZiF¢:]0n (12 1)

and tending to the Gouy-Chapman theory in dilute solutions
predicts, for a symmetric z : z electrolyte, the diffuse layer potential

-0,

\ SRTgs]nasi;n,oc

where o, =-0,, —0, is the diffuse layer charge, &, is the absolute

@, = ZZIE:T argsinh (122)

permittivity of the solution, and ajn,w is the mean ionic activity
in the electrolyte solution at infinite distance from the electrode,
which replaces the total salt concentration of the Gouy-Chapman
theory. In the deduction, it is assumed that the anion and cation
have the same ionic activity in the bulk solution, but their activity
coefficients differ in the diffuse layer. The theory can be extended
to asymmetric electrolytes, which we did in [45]. Damaskin and
Grafov [48] verified the goodness of the compatible theory for
aqueous solutions of Na,S0O, and La,(S0O,), on mercury.

Just as the diffuse layer is the polarization zone of the solution,
the metal electrode also has a polarization zone near the metal
surface. Metal polarization can be well described by the Rice model
[49]. In this model, the crystal lattice of metal ions is approximately
described by a continuum of positive charge (jellium), and the Fermi
statistics is applied to the electrons in the conduction band. The
electrochemical potential of the electrons in the metal is assumed
to be constant and equal to the sum of the Fermi energy €, plus

the electric potential inside the metal ¢, times the electron charge
-e
2 2/3 2 2/3 )
€. —ed, ::—m(%j 2’ (x)—ep(x) with e,,.::—m(%j (cf)Z/3 (123)

where ¢,(x) and ¢ =N,/V are the conduction electron
concentrations at a finite distance x and an infinite distance from
the metal surface. This equation is an approximation at the limit
T — 0, since at room temperature kT’ <<e€,.. This condition together
with the Poisson equation [9] leads to

2 A (2 2 -
o,= i%\/g(lwo)” ~pmgzad(di-h) (29

where ¢, is the electric potential at the metal surface, ¢ is the
electric potential in the metal at infinite distance from the electrode

surface, p,=e(¢,—¢, ) €. is the reduced electric potential at the
metal surface, &;is the vacuum permittivity, and

A= | (125)
2¢, €

is the inverse of the thickness of the polarization layer. When p, <0,
then @, >@, and o, >0. The linear approximation in (124) is
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justified by the fact that the Fermi energy of the electrode metals
usually ranges between 5 and 8eV, while the usual polarization
potential of electrochemical experiments ranges up to +1V from the
potential of zero charge. Under this approximation, the capacity is
constant C = g 4, and the electric potential drop has an exponential
profile in the metal

d)= ¢ =(d~ ¢ Jexp(-2x)  (126)
The exact capacity is obtained as the derivative of (124) with
respect to the electric potential

& ((1+ )" 1)

ﬁ\/§(1+p0)5/2 —Po -2

c (127)

5

This capacity is independent of temperature and decreases
slowly from negative to positive metal charges. This behavior has
been observed at the mercury/aqueous solution interface. Grahame
[50] showed that the capacity curves of the mercury electrode at
negative metal charges are independent of temperature and, in
fact, do not depend on the nature of the anion or the cation if it
is small enough like Na* or K*. For solutions of NaF on mercury,
the inner layer capacity curves, whose inverse is the subtraction
of the inverse of the diffuse layer capacity from the inverse of the
total capacity, are coincident from very negative metal charges

up to —0.12C.m™ where they begin to change with temperature
(which varies between 02 and 85 2C) increasingly towards more
positive charges. The Rice model predicts, at -0.20, -0.16, and
-0.12C.m*? for two conduction electrons per mercury atom
measured from the Hall effect [51], capacities of 0.1636, 0.1627, and
0.1618Fm?, while the observed inner layer capacities are 0.198,
0.18, and 0.16Fm? respectively. For other metals, the values of
the capacity in the absence of adsorption are similar to the values
calculated from the Rice model, although the fit is not exact. If we
combine the compatible theory, the Grahame model and the linear
approximation of the Rice model, the electrode potential should be

E;[L+Mjom+(x2—xl)i+&argsinhc”’7+o-‘+K (128)
g & & zF J8RTe, a,

The constant K depends on the reference electrode. It should
be noted that this electrode potential assumes the approximation
of linear dielectric response of the solvent (usually water) in the
diffuse layer and in the inner layer between the OHP and the
metal surface. As explained above, the electrode potential (128) is
thermodynamically consistent with the ionic adsorption isotherm
(109).

Let us see how we tested [10] the billiard isotherm with halide
adsorption data. Taking logarithms in (109), we have

—lnf(0)+ﬂ:1nﬂd+ln% (129)

That is, the plot of —Inf(8)+zF¢,/(RT) versus In(a,/6)
at constant metal charge should be linear with unity slope.
The adsorption of chloride on mercury from aqueous
x KCl+ (1-x) KF [52] plotted using the Langmuir isotherm and
the Gouy-Chapman theory give slopes less than or equal to 0.82
[8, Table 2]. The billiard isotherm together with the compatible
theory yields the slopes 0.8500, 1.0883, 1.1032, and 1.0744 at
the metal charges of 0, 0.04, 0.08, and 0.12C.m™ respectively. The

linear regression of the four values of Inf, so obtained against
the metal charge o, yields a=118.20m>*C"' with a very good
correlation coefficient. Under the assumption that the distance
between the IHP and the OHP is equal to the chloride ionic radius,
x, —x, =1.81-10""m, one obtains an absolute permittivity between

both planes of & =5.9601.10™"'F.m™", which is a relative permittivity
of ¢ =& /¢,=6.73 much lower than 78.5 for water at 25 °C as
previously discussed. The plots of iodide adsorption on mercury

from aqueous x KI+(1-x) KF [44] by using the Langmuir isotherm
and Gouy-Chapman theory give slopes less than 0.34, equivalent to
a repulsive interaction parameter in a Frumkin isotherm such as
the one we used in [8]. The billiard isotherm and compatible theory
increase the slopes to 0.4205, 0.4356 and 0.4250 at the metal
charges of -0.06, -0.08 and -0.10 C.m, which are far from unity.
Our firstinterpretation of this result was that dielectric saturation of
the medium between the IHP and the OHP begins to occur because
the diffuse layer charges for iodide adsorption are higher than for
chloride adsorption. However, a quantitative explanation has not
yet been given, and it can still be considered an open question. This
shows that checking the billiard isotherm is quite complex for ions
due to the interfacial electric field. Even for neutral compounds, the
electric field cannot be ignored. The adsorbed neutral compounds
behave as a dielectric material placed between the metal surface
and the OHP, but with the particularity that the minimum electric
energy and the maximum adsorption from aqueous solutions do
not occur at zero metal charge as expected but at negative metal
charges as shown in [9, Table 1].

Conclusion

The adsorption isotherm derived from the billiard model
describes a two-dimensional gas of hard spheres whose molecules
are free to translate. This model is complementary to the Langmuir
isotherm, which describes localized adsorption of a denser phase.
Both isotherms reproduce the observed phase transition between a
more dilute phase and amore concentrated ordered phase of anions.
In the billiard model, each spherical molecule occupies four times
its own area, and the free-area function decreases with increasing
coverage much faster than predicted by the Langmuir isotherm,
and not linearly. The free-area function has been obtained from
simulation and has been approximated by a coverage polynomial
and a power law. The generalization of the billiard model to three
dimensions is the hard-sphere gas. In three dimensions, each sphere
occupies eight times its own volume, and the free-volume function
decreases as the packing fraction increases faster than predicted
by the van der Waals equation, and not linearly. Using statistical
thermodynamics, the equation of state of a hard-sphere gas for a
given free-volume function has been obtained from the translational
partition function of a system of particles whose available volume
progressively decreases as more particles are added to the system.
The free volume can then be expressed as a function of the virial
coefficients in the expansion of pressure in terms of density. The
free-volume function obtained from the virial coefficients agrees
perfectly with that obtained from our simulations. With the help
of a power law that approximates the free-volume function, an
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equation of state of a hard-sphere gas has been derived. The
molecules of real gases are not really hard but are somewhat elastic
and attract each other. The Lennard-Jones potential has been taken
as the model of intermolecular interaction. It shows how the radius
of the exclusion sphere decreases with temperature (hard spheres
correspond to zero temperature) and also describes attraction
between molecules at longer distances. The equation of state of the
hard-sphere gas obtained from the power law with a temperature-
dependent exclusion radius and the attractive part of the second
virial coefficient qualitatively describes the observed universal
curves of the compressibility factor versus the reduced pressure,
although the agreement is not yet quantitative. Finally, the ionic
adsorption isotherm that takes into account the drop in the electric
potential across the interface is reviewed, as well as its application
to the study of halide adsorption, which led us to the billiard model.

Appendix. Polynomial approximation to the
attractive part of the second virial coefficient for the
Lennard-Jones potential

To calculate the attractive part of the second virial coefficient
for the Lennard-Jones potential, integration is performed for the
interval r> o

B;’,p:—%"‘ exp(—uk(;)J—l 4zridr (130)

Since —& <u(r)<0 in this integration interval, we expanded
[12] this exponential in terms of u(r)/(kT) because &/(kT)<0.74
for temperatures above the critical point due to the fact that the
critical temperatureis 7, =1.37¢/k

jf[exp(gg;))l]rzdr*f{u]gp+;[u,§;>j;[ulgp}.._}zw 031

These integrals can be calculated using the change of variable
x=a/r

+o0 +o0 12 6 31 3
J-u(r) rzdr:4—g g__9 rzdr:4go- I(xs—xz)dxz—ggo-
. ) 7 kT 4 kT

lu(r) 165%0° | 128¢%6°
I( kTJ e J( -2 =) T31SK°T? (132)
3
lu(r 646’0’ | 1024¢°°
I(( )j r’dr= f? f(x32—3x26+3x20—x”)dxz—ig}d}
c\ kT T 3465k°T
so that the approximation is
+0 3 2 3 3.3
.[ exp 7M -1 rzdr:&‘o‘ +64£7202+&?3+... (133)
: kT OkT  315k°T° 10395k°T

Close to the critical point, &/ (kT)=0.73, &’ /(k’'T*)=0.54 and
& /(k°T*) = 0.39 so that the coefficients of ° are 0.6508, 0.1089 and
0.0193, which shows that the series has good convergence. For
temperatures above the critical temperature, the convergence is
better. Therefore, the attractive part of the second virial coefficient
is
l6szo®  128¢°z0” 1024870’

9T 315k°T*  10395k°T°

This expansion can be continued if desired by calculating more
terms.

B:, = +.. (134)
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