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Introduction
Intermetallic compounds in general, and Mg based alloys in particular have important 

applications in various fields of science and technology [1-3]. MgCu with a CsCl (B2) type 
structure is of current interest [4-6]. Mg-alloys are among the lightest structural materials 
known, exhibiting remarkable fundamental properties [7-10]. Thermoelastic properties of 
intermetallic compounds at high pressures and high temperatures have been investigated 
[11-13] using phenomenological models and ab initio calculations.

The structural and elastic properties of the intermetallic compound MgCu with CsCl-
type structure have been investigated [5] using the first-principles DFT calculations [14,15]. 
It has been emphasized by Daoud et al. [12] that the study performed by Boucetta [5] 
was established only at zero pressure for the thermodynamic properties of MgCu up to a 
temperature of 1000K. The effect of high pressure on the thermodynamic properties of MgCu 
with CsCl (B2) structure has been investigated [12] using the plane-wave pseudopotential 
(PW-PP) method [16] within the framework of DFT.

In the present study, we use a simple analytical method based on the Grover-Saxena 
equation of state (EOS) [17,18]. This EOS [19] has been found to yield good agreement with 
the available experimental data [20-26] and ab initio results [27,28] for different types of 
compounds. In the present work, we use this EOS for investigating thermodynamic and 
thermoelastic behaviour of MgCu up to a pressure of 50GPa and temperatures up to 1000K. 
The model for density dependence of the Debye frequency developed by Roy [29] based 
on the DFT calculations [30,31] for some elemental solids, when used in the Lindemann 
law of melting [32,33], gives good agreement with the available experimental data [34-38]. 
Subsequently, Anand et al. [39] have demonstrated the adequacy of the Roy-Sarkar model 
also for determining melting curves of various diatomic compounds in good agreement with 
the available experimental data [40-42] as well as with the results based on the ab initio 
molecular dynamics [42-45] and the DFT-LDA method [46]. In the present study, we use 
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Abstract
A simple analytical method has been developed using the Grover-Saxena equation of state to determine 
pressure-volume-temperature relationships, bulk modulus and its pressure derivative, Debye tempera-
ture, Grüneisen parameter and melting curve of the intermetallic compound MgCu. We have considered 
a wide range of pressures up to 50GPa, and temperatures up to 1000K. The effect of temperature has 
been taken into account in terms of the thermal pressure estimated from the Anderson formula. The 
results are compared with those obtained by earlier workers using the ab initio calculations based on 
the density functional theory. The Roy-Sarkar model recently developed for the density dependence of 
Debye frequency based on the first-principles has been used in the present study to investigate variations 
of Debye temperature and Grüneisen parameter with pressure and temperature. Melting curve for MgCu 
has been predicted using the Roy-Sarkar model for the density dependence of gamma in the Lindemann 
law. The simple analytical methods used in the present study are capable of making rapid estimations of 
the thermoelastic properties and melting curve for MgCu.

Keywords: Equation of state; Bulk modulus; Debye temperature; Grüneisen parameter; Melting curve; 
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the Roy-Sarkar model in the Lindemann law to determine melting 
curve of the intermetallic compound MgCu.

Method of Analysis
Volume of a material at high pressures and high temperatures 

can be determined with the help of the Grover-Saxena EOS that can 
be written as follows [19]

'
0

'
0 0

( 1)( , ) 11 ln 1 ( )
(300,0) ( 1) th

KV T P P P
V K K

 +
= − + −∆ +  

    (1)

Where P  is the total pressure. K0 and '
0K  are respectively the 

bulk modulus and its pressure derivative, both at zero-pressure and 
at temperature equal to 300K. ∆Pth is the difference

( ) (300)th th thP P T P∆ = −     (2)

Where Pth(T) and Pth (300) are the values of thermal pressure 
at temperatures T and 300K, respectively. It has been found by 
Anderson [47] that the thermal pressure changes linearly with 
temperature at high temperatures, and we can write [48,49]

0( )th TP K T Tα∆ = −     (3)

Where α  is the thermal expansivity and KT the isothermal bulk 
modulus, both at the initial temperature T0= 300K. At temperatures

DT θ≥ , the Debye temperature, the product TKα  remains nearly 
constant [47]. We have taken 5 18.35 10 Kα − −= × , and KT= 59.58GPa 
for MgCu at ambinet conditions [12].

Expressions for bulk modulus K(T,P) and its pressure derivative 
K’(T,P) are obtained by differentiating Eq. (1) successively with 
respect to pressure. Thus, we get
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Where 0K =59.58GPa, and '
0K =4.05 for MgCu [12]. Equations 

(1), (4) and (5) are used to calculate V(T,P), K(T,P) and K’(T,P) for 
MgCu at high pressures and high temperatures. The results are 
given in Figures 1-3.

 

Figure 1: Variations of V(T,P)/ V(300, 0) with pressure along selected isotherms, and with temperature along 
selected isobars for MgCu shown by continuous curves (─). Symbols (●) represent the first-principles DFT 

calculations [12].
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Figure 2: Variations of K(T,P) with pressure along selected isotherms, and with temperature along selected isobars 
for MgCu shown by continuous curves (─). Symbols (●) represent the first-principles DFT calculations [12].
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Figure 3: Variations of K’(T,P) with pressure along selected isotherms, and with temperature along selected isobars 
for MgCu shown by continuous curves (─).

The Grüneisen parameter γ can be expressed as a function of 
volume ratio V/V0 as follows [39]

0

0 0 0( 1) /V V
γγ

γ γ
=

− −
    (6)

Eq. (6) has been obtained [39] by using the linear 
dependence formulations for the Debye frequency [29]. In Eq. 

(6), 0 (300,0) 2.08γ γ= = , and 0 (300,0)V V= . Values of γ  for MgCu 
at different pressures and temperatures are shown in Figure 4. 
For determining the Debye temperature Dθ  we use the following 
relationship for gamma

ln
ln

Dd
d V

θγ = −      (7)
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Figure 4: Variations of Grüneisen parameter 𝛾 with pressure along selected isotherms, and with temperature 
along selected isobars for MgCu shown by continuous curves (─). Symbols (●) represent the first-principles DFT 

calculations [12].

Taking Eqs. (6) and (7) together, and then integrating we find

0
0

(300,0)( , ) (300,0) ( 1)
( , )D D

VT P
V T P

γθ θ γ
 

= − − 
 

    (8)

Eq. (8) has been obtained and reported for the first time in the 
present study. Variations of Dθ  with P and T for MgCu are given in 
Figure 5. Value of (300,0)Dθ  is equal to 373.5K for MgCu [12].
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Figure 5: Variations of Debye temperature θD with pressure along selected isotherms, and with temperature 
along selected isobars for MgCu shown by continuous curves (─). Symbols (●) represent the first-principles DFT 

calculations [12].

Equation (6) for the volume dependence of gamma when 
used in the Lindemann law of melting [32,33] gives the following 
expression [29,39] 

4/3 2

0 0
0 0 0

( 1)m

m

T V V
T V V

γ γ
−

   
= − −   
   

      (9)

Where Tm0 is the value of melting temperature Tm at zero-
pressure. Values of Tm0 are available for MgCu2 and Mg2Cu [50] 
which are respectively 1093K and 990K. For the intermetallic 
compound MgCu, we take an intermediate value for Tm0 equal 
to 1042K. Melting curve for MgCu is determined from Eq. (9) by 
calculating melting temperatures at high pressures. An expression 
for the melting slope at ambient pressure (P=0) is given below [39]

0
0

0 0

12
3

m m

p

dT T
dP K

γ
=

   = −  
  

     (10)

Equation (10) gives dTm/dP at ambient pressure equal to 
61KGPa-1 for MgCu. Melting slope of a material decreases with the 
increase in pressure because gamma decreases and bulk modulus 
increases with the increasing pressure [51].

Results and Discussion
Results for P-V relationship along different isotherms at selected 

temperatures obtained from the Grover-Saxena EOS for MgCu are 
shown in Figure 1. Isobaric variations of volume with temperature 
at selected pressures for MgCu are also shown in Figure 1. It is found 
that different isotherms appear to converge at high pressures. 
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The rate of variation of volume with temperature becomes small 
at high pressures. This is consistent with the thermodynamics of 
solids at extreme compression [52,53]. The isothermal and isobaric 
variations of bulk modulus K(T,P) are given in Figure 2 and those for 
pressure derivative of bulk modulus K’(T,P) in Figure 3 for MgCu. 
It is found that K increases and K’ decreases with the increase in 
pressure along an isotherm. 

Variations of the Grüneisen parameter γ  along different 
isotherms and isobars obtained from Eq. (6) are shown in Figure 
4. It should be mentioned that Eq. (6) satisfies the thermodynamic 
constraints [39] for the volume derivatives of gamma in the limit 
of infinite pressure [54,55]. It is found that γ  for MgCu decreases 
substantially with the increase in pressure along an isotherm, 
and increases slowly with the increase in temperature along an 
isobar. At high pressures, the variation of gamma with temperature 

becomes negligibly small such that γ  becomes almost independent 
of temperature. Another physical quantity of great importance is 
the Debye temperature for describing the thermodynamic and 
thermoelastic behaviour of materials at high pressures and high 
temperatures. We have determined variations of Dθ  with pressure 
as well as with temperature using Eq. (8) and the P-V-T results 
based on the Grover-Saxena EOS given in Figure 1. The results 
for the variations of 

Dθ  (T,P) are shown in Figure 5. The results 
obtained in the present study are found to compare well (Figures 
1, 2, 4 & 5) with the corresponding values determined by Daoud 
et al. [12] using the first-principles DFT calculations for MgCu. The 
best fit for the data on ( , )D T Pθ  for MgCu [12] can be expressed as 
a quadratic function of temperature along an isobar

2( , )D T P A BT CTθ = − −      (11)

Figure 6: Variations of parameters A, B and C appearing in Eq. (11) for the Debye temperature θD(T,P) formulated by 
Daoud et al. [12].
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Where A, B and C are constants for a given material at constant 
pressure. Values of A, B and C change with the variation in pressure 
as shown in Figure 6 for MgCu based on the results reported by 
Daoud et al. [12]. Values of A increase with the increase in pressure 
whereas B and C decrease with P. Thus the effect of temperature 
is suppressed at high pressures. The rate of decreasing 

Dθ
with temperature becomes small at high pressures. It should be 
mentioned that Dθ  increases with the increase in pressure along 
an isotherm. The relationship between melting temperature and 

Dθ  has been used in the Lindemann law [32,33] to find that Tm 
also increases with P. We have calculated values of Tm at different 
pressures for MgCu using Eq. (9), the Lindemann law based on the 

Roy-Sarkar model for the density dependence of Debye frequency 
[29]. The melting curve for MgCu thus determined is given in Figure 
7. It is worth-mentioning here that the ab initio methods based on 
the DFT calculations and molecular dynamics simulations are very 
expensive and time-consuming involving heavy computations. 
Such attempts have also been made in case of MgCu [12] to find 
the results up to a pressure of 16GPa and temperatures up to 
1000K. It is found that the results obtained in the present study 
using simple analytical methods are in extremely good agreement 
with the first-principles DFT calculations (Figures 1, 2, 4  
& 5).

Figure 7: Melting curve of MgCu representing the variations of melting temperature Tm(K) at different pressures 
calculated from the Lindemann law (Eq. 9) based on the Roy-Sarkar model [29].

Conclusion
A simple method has been developed in the present study 

using the Grover-Saxena EOS for investigating the thermoelastic 
properties of MgCu intermetallic compound with CsCl (B2) 
structure up to a pressure of 50GPa. The effect of temperature up 
to 1000K has been taken into account in terms of thermal pressure. 
Pressure-volume-temperature relationships have been predicted 
along different isotherms at selected temperatures, and along 
different isobars at selected pressures. Variations of bulk modulus 
and its pressure derivative with the increase in pressure and 
temperature have also been determined.

The Roy-Sarkar model based on DFT calculations has been used 
to determine variations of the Grüneisen parameter and Debye 
temperature of MgCu with the changes in pressure and temperature. 
At high pressures, gamma and Debye temperature both become 
virtually constant, i.e. independent of temperature. The results 
obtained in the present study for thermoelastic properties of MgCu 
using simple analytical methods are very close to the first principles 
DFT calculations reported by Daoud et al. [12]. Using the results 
for volume dependence of Grüneisen parameter in the Lindemann 

law we have determined melting curve for MgCu up to a pressure 
of 50GPa. The methods used in the present study are capable 
of making rapid and accurate estimations of the thermoelastic 
properties and melting curve for MgCu.
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