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Abstract

Stochastic Gompertz diffusion model describes the in vivo tumor growth. The drift parameter describes the intrinsic growth rate (mitosis rate) of
the tumor. The paper introduces some new approximate minimum contrast estimators of the tumor growth acceleration parameter in the Gompertz
diffusion model based on discretely sampled data which are robust and studies their asymptotic distributional properties with precise rates of

convergence.

Keywords: It6 stochastic differential equation; Gompertz diffusion process; Black-Karasinski model; Discrete observations; Approximate minimum

contrast estimators; Robustness; efficiency; Berry-Esseen bound

Model and Estimators

The Gompertz diffusion process has been used in tumor
growth modeling, Ferrante et al. [1]. Lo [2] considered a Gompertz
diffusion model in which the size of the tumor cells is bounded and
used Lie-algebraic method to derive the exact analytical solution
of the functional Fokker-Planck equation obeyed by the density
function of the size of the tumor. Giorno et al. [3] proposed a non-
homogeneous time dependent Gompertz diffusion process with
jumps to describe the evolution of a solid tumor subject to an
intermittent therapeutic program. Moummou et al. [4] obtained
explicit expressions for the maximum likelihood estimators with
discrete sampling from the Gompertz diffusion model by using
functional optimization orthogonal projections. However, the
statistical properties of the model were not studied.

Ferrante et al. [1] studied maximum likelihood estimation of
natural growth parameters of tumor for such models. However,
they did not study distributional properties of the estimators. The
knowledge of the distribution of the estimator may be applied to
evaluate the distribution of other important growing parameters
used to access tumor treatment modalities. We study distributional
properties of approximate minimum contrast estimators of the
unknown parameters in the model from discrete data with precise
rates of convergence which are robust and efficient.

Let (Q.F.{F}_.P be a stochastic basis on which is defined
the Gompertz diffusion process {X } _, satisfying the Itd stochastic
dierential equation

dX =(aX -pX X )di+oX dW,t20,X =x (1:1)

Where 7}

t7 120
filtration {F} and a>0; 3>0; >0 are the unknown parameters to

be estimated on the basis of discrete observations of the process

{X} at times 0=t <t <..t =T with t-t = ~,i=1,2...,n. We assume
n

equi-spaced sampling for simplicity. We assume two types of high
T
72

is a standard Brownian motion with the

frequency data: 1) 7 _, o, ,, _s o

-0 Z)Taoo,n%oo -0

T
n n/3
Here X is the tumor volume which is measured at discrete
time, a is the intrinsic growth rate of the tumor, § is the tumor
growth acceleration factor, and o is the diffusion coefficient. Other
parameters are the plateau of the model x_ =expexp %
growth decay, and the first time the growth curve of the model
reaches X_ . We assume that the growth deceleration factor 8
does not change, while the variability of environmental conditions
induces fluctuations in the intrinsic growth rate (mitosis rate) o.
In finance literature, this model is known as Black-Karasinski
model which is a geometric mean reverting Vasicek model used for

tumor

modeling term structure of interest rates which preserves positivity
of the interest rates.

Let the continuous realization be {Xt,O <t<T} denoted by
x, . Denote 0:=(a,B,0). Let POT be the measure generated on the
space (C,,B,) of continuous functions on [0,T] with the associated
Borel ¢ algebra B, generated under the supremum norm by the

process x| and let 7 be the standard Wiener measure. It is

0
well known that when 0 is the true value of the parameter Pl s
absolutely continuous with respect to £ and the Radon-Nikodym
derivative (likelihood) of Pl with respectto p” based on the data
0

X is given by
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L (0):= ﬁ(){{) = exp{i?(OC—ﬂ nX,) X ~\dx 7L}(a - pinx Ydn  (1:2)
T d})gT GZ o 1 t 20_2 o t
Consider the log-likelihood function, which is given by
1 T
— *1 2 .
1,(0)= dPT {j —B InX,) X;dX, _El(a - BInX,) dt} (1:3)

A solution of the estlmatmg equation ," (g)=0 provides the

conditional maximum likelihood estimators (MLEs)

a, = % {?X,"dXt—ﬂT ?1nx,dt} (1:4)
o (0]

T T T
{ [ X, ldx, J{ [ InX,dtJ—T( [ X' InX,dX,)

ﬁT = T - T : (1:5)
[ I X,dX,~([ InX,dX,)*
0 0
Z(Xti_Xt—i)z
0"_2 =l
a (1:6)
Z 1(t 1)

i=1

As an alternative to maximum likelihood method and to obtain
robust estimators with higher efficiency we use contrast functions.
Suppose a and o are known, for simplicity let i = 1 ,0=1,1; x0=1
and our aim is to estimate the tumor growth acceleration parameter
. Using It6 formula, the score function can be written as

yT(B) = 77171 X, 7J'(/31n X, 77)dz (1:7)

Using a contrast functlon which is related to the negative
derivative of the log-likelihood function, we consider the estimating
function,

T
M _(p)=[(pin’ X, —%)dt (1:8)
0

Then the minimum contrast estimate (MCE) of $ which is the
solutionof A7 () = 0 is given by

T (1:9)

1{ [m® X dr)™ =3

0

B,

T

Where IT= jln X4t Hence M,(B)= A,
will denote this by]ust M,. We find several dlscrete approximations
of the MCE. Define a welghted approximation of I.:

. Sometimes we

K —{Za) In’ Xt +Z(1—a) )InX}

n,T
i=l1 i=1

Where w >0 is a weight functlon. Denote the forward and
backward approximations of I :

(1:10)

t —

T n 1:11
I =-3SmXx (1:11)
n,T n -1 1
T n 1:12
J = —3In"X (1:12)
n,T n t;

i=1

General weighted AMCE is defined as

_ 2 4
B, = {? K. .3 (1:13)

with " -1 in (1. 10) we obtain the forward AMCE as
ﬁn F = {— } (1:14)

With =0in (1.10), we obtain the backward AMCE as
- 2 o
'Bn,T,B = {? Jn,T}

With w_(t_i )=0.5 in (1.10), the simple symmetric AMCE is
defined as

- 1
Brs =7

0TS T

(1:15)

-1 2.0 2 2 -1
R = i[n X +050n* X, + X)) (1:16)

Define the weighted symmetric estimators: With the weight
function

0:i=1
i-1 .
@ =y—-=il,2,3,...n
i n
Li=n+1

AMCE is
Note that estimator

defined as
(1.16) is
analogous to the trapezmdal rule in numerical analysis. One
can instead use the )I(mdpomt rule to define another estimator
~ +

Boyi= {— zm & L

the weighted symmetric

~ -1

B, 7{721;1)( +—21nX H
n, 1 —1

. One can further use the Simpson’s
rule to deflne another estimator where the denominator is a
convex combination of the trapezoidal and midpoint estimators,

o Sy wan?] ey gy
ﬁT,N'_{TT._l{” o P T A

n,

The AMCE has several good properties. The AMCE is simpler
to calculate, in the sense that it does not involve simulation of a
stochastic integral unlike AMLE. Hence AMCE is a more practical
estimator. This is robust since M-estimator is reduced to the
AMCE. The AMCE is efficient, Tanaka [5]. Tanaka [5] calculated the
asymptotic relative efficiency of the minimum contrast estimator
with respect to least squares estimator (LSE) and showed that MCE
is asymptotically efficient while LSE is inefficient. We study the
distributional properties of the AMCE. We obtain the rate of weak
convergence to normal distribution of the AMCE using different
normings. We also obtain stochastic bound on the difference of the
AMCE and its continuous counterpart MCE when T is fixed. We need
the following lemmas from Bishwal [6] to prove our main results.

Lemma 1.1 Let X, Y and Z be any three random variables on a
probability space (£,FP) with P(Z>0)=1. Then, for any €>0, we have

Sup, ., | PIX+Y <x}p=D(x)[sup,, | PLX <x}=-O(x)[+P( Y pe)+e
sup, g | P{% <xp—O(x)[<sup,, | P{X <x}—D(x) | +P{| Z-1|>e}+ €

Lemma 1.2 Let Q, R, Q and R be random variables on the
same probability space (Q,FP) with P(R >0)=1 and P(R >0)=1.
l0,-0l=0 () -0 (5,)

Suppose where

0 ,0 > 0h—>w
1n 2n

%—%‘ =0, (max max(&ln,ﬁh))

n
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Distributional Properties of Estimators

Let @(.) denote the standard normal distribution function.
Throughout the paper C denotes a generic constant (perhaps
depending on 3, but not on anything else). Since In X is an Ornstein-
Uhlenbeck process, we can use the following lemmas from Bishwal
[6] in the sequel.

>5<cr's’

coer’s

5> O,P{‘%IT—I

Lemma 2.1 For every

Lemma 2.2 sup_,

P{(%% Mp<x}-@(x)

In,T _Jn,T ]
T

2

4 2 T
1,,,7*1r‘2 = 0[:—2], (b) E = O[nz]

The following theorem gives the bound on the error of
approximation of the distributions of the AMCE to normal

Lemma 2.3 (a) £

distribution. Note that part (a) uses parameter dependent non-
random norming. While this is useful for testing hypotheses about
B, it may not necessarily give a confidence interval. The normings
in parts (b) and (c) are sample dependent which can be used for
obtaining a confidence interval. Following theorem shows that
asymptotic normality of the AMCE needs the design condition

T > o andVTZHO'

Theorem 2.1

A i -
Denote b = O(max(T”? (loglogT)/2 ,(—)(loglog T) )
’ n

1

1

(b) Sup__, P{Im/; (ﬁn’T’F—,B)Sx}—Q(x) =00, )

9 s )
Sup . | £ = B r—f |<x r—D(x) =O(bn‘7_)
2B
1
/(50
Proof: (a) Observe that [—] [ﬁ —ﬁ] =- (2.1)
2p5 T WT
T T

Thus, we have I Hence

T 1/2 T 1/2 2 1/2 2 1/2
RO o) el ns) et (22) w22 1)
2 Brr=—P= I,r (M], ,

2,

(2.2)

Further,

P %(lﬂ—l)x = %(In,T—IT+IT)—1>e
(Yot {2 b+

Aer(?)

L] > ;

ﬁ/
2
<c (—T—ﬂoz) o ln

16 2

2
1682 |1, 7—1

<c (_Moz}ifif‘

exp 16 TZ <

— (2.3)
o

Next, observe that

1 ~
r VA
S”PxeR (2/3) ﬂn,T F=B [Sx—D(x)
1 1
Y {21,
= SupxeR P 35 <x r—J(x)
[? 1»1,T
<Sup P{[?]%MTQV}—@(,V) + P{ ﬁ(%)%(/”-l,) >e] + P{ ﬁ[zfj%(lmr—l)>e} +2e
%jE Lo—I[
-1 n, (24)
< CTA +p (T;T+cexp(—Tf'oz)+cfzz+2 e
(o] n e

(the bound for the 3rd term in the right hand side of (2.4) is
obtained from (2.3))

-1 2 2
T T
< CTA +C+Cexp(—%2)+c+ €
n EZ 4 1’1262
(by Lemma 2.3(a)).

-1 )

Choosing 60=CT"? (logT)"* , the terms in the right hand side of
(2.5) are of the order O(max(T% (1ogT)/> ’(Tij)(logr),l))

1% ﬁ~ -f _MT+,B(IT_I,,)T)
(b) From (2.1), we have ~».7 | 77" = T |
T

Then, "

Supst

) - .
P{]VL/TZ{ﬂn,T,F_ﬂ]<X}_®(x) = Sup,veR P{7+ﬁ 1
2

<Sup . |P My oy —-B(x)| + P4|B (2.6)

A

n,T n,T

>e +e::U] +U2+e

We have from (2.3),

-1 2
U sCTngC (—EGZJ+CT—+G (2.7)
1 exp 16 n 62
Further,
1
I-1 (ZT)A(["’T_IT)
U,=PB T 1” >e :P{ﬂﬁi»e}
]
L7 %j 21/%
T ,

<P (2;’)}% (2,

1
,T—IT)|>5 + P{ (25)41,:/%—1 >0}
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5-5
(Where 5 —c - ¢ ands, = OT >0)

n,T IT

2
T 52

r + Cexp (_M5l2j +C T
n>s? 16 n>sy (2.8)
Here, the bound for the first term in the right hand side of (2.7)
comes from Lemma 2.2(c) and that for the second term is obtained
from (2.3) [2]. Now, using the bounds (2.7) and (2.8) in (2.6) with
/ we obtain that the terms in (2.6) are of the order

A2

-1 >5]}

<C

-1
0=CT A (logT)

-1 2 '
O(max(TA (logT)% ,(T—z)(logT D)
n

(c) Let g, 1={ﬂ,,~rﬁﬁ‘<d} v d, = CT%(logT)% . On the set G,,
expanding , we obtam
(2 ﬁn T, F /
8, 7 _ap B ﬂ”” A S ﬁﬂ"” L)

Then

/i /i

T i T i .
S"PXER P = (Bur r=B)Sx =D(x) SS”PXGR — [ﬂn]f*ﬂ}xﬁr +P(GT)

2ﬂn,T,F 2ﬂn,T,F
Further,
~ -1 1
P(G5) = PYrsp] > e/ Gogrog 7y}
- .
= P{(2Tﬂj R IS C(loglogT)% (2ﬂ)4 }

3
<C__ [T%(loglogT)%,Tz(loglogT)_1

n

-1
] +2(1- @((loglogT)%)(zﬁ)A)

-1 3
<C (TA (loglogT)% ,T—Z(loglogT)fl)
n

<cr v (10&7)/

On the set 7| '”/ ! . Hence, upon choosing
0= CTilZ (logT) g ,clarge, using Lemma 1.1(b)) and Theorem 2.1(a)),
we obtain

v
2 ~
T
P = [ﬂn,]‘,["_ﬁjébeT —I(x)
2ﬁn,T,F

B /
1 2

< P{(;BJA vp| P /; =

ﬁ"’T’F—ﬂSx,GT —l<e,Gy 1+ €

-1 4
c (TA (loglogT)% ,T—z(loglogT)%)
n

In the following theorem, we improve the bound on the error of
normal approximation using a mixture of random and non-random
normings. Thus asymptotic normality of the AMCEs need T — o
and ﬁ — o which are sharper than the bound in Theorem 2.1.

Theorem 2.2

P{zn,r(%% [ﬂn;.p—ﬂ}ﬁx}—@(?‘) -

Proof: From (2.2), we have

TR .

—1, 3 1,
Sup, _, P s ey
g

T nT

Hence, by Lemma 2.1-2.3

S”PXER PyI, T(ZTﬂ]/ ﬁnTF B |sx —@(x)
=Sup P{(zfj% My +ﬁ(27/’3]% (IT—InYT)Sx}—Q(x)

3 1
Choosing e= ( )/,thetheoremfollows.

The following theorem gives stochastic bound on the error of
approximation of the continuous MCE by AMCEs.

Theorem 2.3
~ 72 !
@ lg,,-p| -0, " T ®) borsbr :op(—z)z-
n
N T T
Proof: From (1.9) and (1.14), we have #r = 27, , Forr 20,

. Hence, applying Lemma 1. 2 with the aid of Lemma 2.3(a) and
=9 (1) the part (a) of theorem
follows. From (1 9) and (1. 16) we have g, - y Burr :L

Applying Lemma 1.2 with the aid of Lemma 2. 3(b) and notmg that

% -0 (Nand || _ , (1) the part (b) of theorem follows.
P T P
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