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Introduction

High-fidelity engine simulation enables the prediction of performance gains obtained 
from changes in engine design or control strategies. Based on the simulation results, engine 
design can be optimized for fuel economy, power, and emissions without relying on extensive 
experimental data. With the recent advancement in the modeling and simulation methodolo-
gies along with computing power, it is possible to run extensive engine simulations with high 
accuracy these days [1-5].

Among several different approaches in engine simulation, a reduced dimension modeling 
approach (1D manifold flow and 0D cylinder) is used in many commercial software packages 
due to its balanced compromise between simulation accuracy and computational time [6-
9]. From a modeling standpoint, the 1D flow model predicts mass transfer into and out of 
the cylinder during intake and exhaust, while the cylinder combustion model predicts piston 
force and engine torque eventually. Combustion models vary in complexity and can be cate-
gorized as burn rate fit or semi-predictive models. Burn rate fit models match the combustion 
burn rate based on cylinder pressure measurements [10,11]. Because the burn rate depends 
on several factors, the models are only appropriate near the tested operating conditions. 
Semi-predictive combustion models, on the other hand, model combustion at a wide range of 
operating conditions [12,13]. Unlike the burn rate fit model, semi-predictive models include 
tuning parameters independent of the operating conditions, and thus employed in the current 
modeling framework. 
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Abstract

An internal combustion engine modeling framework has been developed in the MATLAB/Simulink 
environment to allow engine component blocks to be connected in a physically representative manner 
to reduce the model build time. Each component block, derived from physical laws, interacts with other 
blocks according to block connection. In this series paper, detailed combustion modeling is presented 
among several engine subsystems. In the engine modeling framework, combustion is represented by a 
spherical flame propagating from the spark plug, and the burn rate is correlated to combustion chamber 
geometry, laminar flame speed, and turbulence. To accurately predict the burn rate, the quasi-dimensional 
model requires tuning. The combustion model has been computationally validated in a previous study 
and will be experimentally validated with real engine test data in the next series paper.
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Most of the currently available 1D physics-based engine simu-
lation tools are not compatible with or directly implemented in the 
prevalent MATLAB/Simulink simulation environment. To resolve 
this deficiency, a high-fidelity physics-based engine simulation 
modeling framework has been developed in MATLAB/Simulink re-
cently [14-16]. Among the various components in the framework, 
modeling details of the 1D intake and exhaust flow dynamics were 
presented in a previous publication [17] based on the work of Blair 
[18]. As a continued effort, the detailed combustion modeling ap-
proach employed in the Simulink-based modeling framework is 
presented in this series paper. Since the accuracy of the developed 
tool was numerically validated in the previous paper by comparing 
the simulation results of a Simulink-based model and commercial 
software for a single-cylinder pressure change, those who are in-
terested in the model validation are referred to the previous paper 
[15]. The combustion and dynamics models presented in this paper 
as well as 1D flow model presented in the previous paper are exper-
imentally validated with a Mazda SKYACTIV®-G 2.0L engine in the 
next series paper.

Crank Dynamics

A reciprocating piston engine utilizes a slider-crank mecha-
nism to convert linear piston forces into rotational torque. Refer-
ring to the engine slider-crank mechanism shown in Figure 1, the 
piston position xp has a nonlinear relationship with the crank angle 
θc that depends on the stroke Ls and rod length Lr. The distance from 
the crank axis to the wristpin s can be determined by the law of 
sine and cosine since the crank rotational radius a is half the cylin-
der stroke. Assuming the piston origin to be at the piston Top Dead 
Center (TDC) and xp = Ls at Bottom Dead Center (BDC), the piston 
position can be calculated as
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Similar to position, the instantaneous piston speed Sp has a di-
rect relationship with the crank velocity ωc. Differentiating Eq. (1) 
with respect to time, yields
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where the crank velocity ωc is defined as

c
c

d

dt

θ
ω = . (3)

Frequently, the mean piston speed pS  is an important parame-
ter for discussing engine characteristics and predicting the cylinder 
heat transfer coefficient. Averaging Eq. (2) over a crank revolution 
results in 

S s c
p

L ω

π
= . (4)

Figure 1: Engine slider-crank geometry.

Referring to Figure 1, the cylinder pressure produces a resul-
tant force Fp that axially loads the connecting rod. The connecting 
rod then applies vertical and horizontal forces to the crankshaft, 
creating a rotational torque. Neglecting the connecting rod friction 
and inertial effects, the ith cylinder torque Tc,i can be calculated as
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If the sum of the cylinder torques exceeds the load torque Tload, 
the crankshaft will accelerate, and if Tload exceeds the sum of cylin-
der torques, the crankshaft will decelerate. Applying Newton’s sec-
ond law for rotational motion, the crank acceleration αc is governed 
by 

,
1

1
c

c c i load
c

Md
T T

idt J

ω
α = = −∑

=
  
  , (6)

where Jc is the moment of inertia of the rotating assembly and M 
is the number of cylinders. Because the piston and rod masses are 
neglected, all inertial effects are lumped into Jc.

Cylinder Conservation Laws

The cylinder is modeled as an open thermodynamic system, 
where the pressure inside the cylinder is assumed uniform, ne-
glecting 3D flow field effects. If the combustion chamber is treated 
as a homogeneous single volume, the cylinder model is referred to 
as a single-zone “zero-dimensional” (0D) model. The volume tem-
perature and pressure are derived from the conservation of mass 
and energy. If the combustion chamber is split into burned and un-
burned zones (two-zone model), the model is sometimes referred 
to as “quasi-dimensional.” The flame propagates spherically from 
the spark location until quenched by the cylinder walls, thus re-
quiring consideration of the chamber geometry. Both zones have 
the same pressure but different temperatures. While a single-zone 
model is typically used for modeling the gas exchange process and 
compression, a single-zone or two-zone approach can be used 
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during combustion. Conservation of mass and energy for the two 
models are discussed in this section.

Single-zone and gas exchange period

Figure 2: Diagram of engine cylinder control volume.

Cylinder temperature Tcyl and pressure pcyl vary according to the 
conservation of mass and energy. Referring to Figure 2, the mass 
flows across the boundary through N intake and exhaust ports. As-
suming that the flow into the cylinder is positive, the law of conser-
vation of mass states that

1
cyl

k
dm N

m
kdt

= ∑
=

 , (7)

where k indexes intake and exhaust valves. During intake and 
exhaust, the rate of change of cylinder mass fractions ycyl depends 
on the flow direction. The kth boundary mass fractions ybound,k are de-
fined as 
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where yport,k is the mass fractions in the kth port. Applying the 
law of conservation of mass for each gas species during intake and 
exhaust gas exchange results in the following:

( ) ,1cyl cyl bound k k
Nd

m m
kdt

= ∑
=

y y 
. (9)

For a single-zone combustion model, the rate of change of mass 
fractions in the cylinder comby  is determined by a burned gas profile. 
By combining the combustion rate contribution and the conserva-
tion of mass relationship in Eq. (9), the cylinder gas species is gov-
erned by

( ) 1
,1 1cyl bound k k cyl k comb
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= − +∑ ∑

= =
  
 

y y y y   . (10)

Thermodynamic states are derived from the gas mass in the cyl-
inder mcyl, cylinder volume Vcyl, and internal energy Ecyl. Referring to 
Figure 2, the instantaneous cylinder volume changes with piston 
displacement xp according to 

c p pcylV V x A= + , (11)

where Ap is the piston area and Vc is the clearance volume. 
During expansion, the cylinder volume increases, producing work. 
During compression, work is applied to the control volume. The 

work transfer rate out of the cylinder volume is the product of pis-
ton force and velocity:

p pcyl cylW x A p=  . (12)

According to the first law of thermodynamics, work, flow, and 
heat transfer across the control volume boundaries shown in Fig-
ure 2 govern the rate of change of internal energy Ecyl. Applying the 
first law of thermodynamics leads to

1
cyl

wk cyl
dE N

E W Q
kdt

= − +∑
=

  , (13)

where the kth energy flow rate kE  is determined by the 1D flow 
model and Ecyl can be defined in terms of specific internal energy or 
enthalpy as

1
cyl

wk cyl
dE N

E W Q
kdt

= − +∑
=

  . (14)

Note that Eq. (13) does not include combustion heat addition 
because the enthalpies and energies are expressed relative to the 
same datum. 

Cylinder pressure pcyl and temperature Tcyl must be derived 
from the volume Vcyl, mass mcyl, and internal energy Ecyl. For an ideal 
gas, the internal energy Ecyl is a function of temperature only, which 
means that Tcyl can be calculated from Ecyl and the internal energy 
lookup table. Using the cylinder temperature, the ideal gas law 
leads to

cyl cyl cyl
cyl

cyl

m R T
p

V
= . (15)

In a real gas law, the internal energy Ecyl becomes an implicit 
function of pressure and temperature, and the cylinder pressure 
and temperature must be calculated iteratively.

Two-zone combustion model

Figure 3: Diagram of two-zone combustion model.

The conservation laws presented in the previous section de-
fine the cylinder states during intake, exhaust, and single-zone 
combustion. For a more accurate representation of combustion, 
the burned and unburned gasses can be separated into two dis-
tinct volumes-two-zone model. As shown in Figure 3, the two-zone 
model assumes a uniform cylinder pressure pcyl with separate zone 
temperatures (Tu and Tb) and mass fractions (yu and yb). Typical-
ly, the burned zone is approximated as a partial sphere with the 
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origin at the spark location. Therefore, as combustion progresses, 
the unburned gases pass through the spherical flame front into the 
burned zone, consuming the unburned volume.

Physical constraints and conservation laws must be applied to 
determine the thermodynamic states shown in Figure 3. Assuming 
no flow through the valves during combustion, the law of conserva-
tion of mass provides the relationship 

b u
comb

dm dm
m

dt dt
= − =  , (16)

where is the mass burn rate, mb is the burned mass, and mu is 
the unburned mass. By neglecting heat transfer between the two 
zones, the conservation of energy applied separately to each con-
trol volume yields the following equations:

( )
,
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= + = − − −  , (17)
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where the specific heat cv is defined as cv = du/dT, the subscript 
“u” denotes unburned, and the subscript “b” denotes burned. In or-
der to solve for the rate of change of zone temperatures, the volume 
derivatives must be derived from the ideal gas law. Differentiating 
the ideal gas equation (defined in Eq. (15) for single zone) for both 
control volumes leads to

cylu u u
u u u u ucyl

dpdV dm dT
p V R T m R

dt dt dt dt
+ = + , (19)

and  cylb b b
ucyl b b b b
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+ = + . (20)

where R is the specific ideal gas constant. Combining Eq. (17) 
and Eq. (19) and using the specific heat relationship cv,u + Ru = cp,u, 
the rate of change of the unburned gas temperature Tu becomes

,
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Similarly, combining Eq. (18) and Eq. (20) results in
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The rate of change of cylinder pressure dpcyl/dt in Eq. (21) and 
Eq. (22) can be derived from the model constraints. The total cylin-
der volume defined in Eq. (11) provides the constraints

ucyl bV V V= + ,            (23)

u b
dV dVdVcyl

dt dt dt
= +

. (24)

Substituting dVu/dt and dVb/dt from the ideal gas law equations 
(Eq. (19) and Eq. (20)) into Eq. (24), the following can be conclud-
ed:
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Finally, dpcyl/dt can be derived by substituting Eq. (21) and Eq. 
(22) into Eq. (25) and rearranging:
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In summary, the rates of change of mu, Tu, and Tb are calculated 
by Eq. (16), Eq. (21), and Eq. (22), respectively. Therefore, mu and 
Tb must be initialized at the start of combustion. The initial burned 
temperature Tb is assumed to be at the adiabatic flame tempera-
ture, and to initialize mu, the burned mass mb is derived from the 
initial spark volume and subtracted from the total cylinder mass. 
During combustion, gas properties are calculated with the appro-
priate zone mass fractions and temperature. Cylinder pressure and 
zone volumes are derived from the ideal gas equations of state: 

u u u b b b
cyl

cyl

m R T m R T
p

V

+
= , (27)

u u u
b

cyl

m R T
V

p
= , (28)

u cyl bV V V= − . (29)

Cylinder Charge Motion and Turbulence

Turbulence significantly impacts combustion and cylinder heat 
transfer. To predict turbulence, the cascade concept is frequently 
employed. Energy from the mean charge motion produces tur-
bulent eddies on the scale of the flow geometry, which break into 
progressively smaller eddies until the turbulence dissipates at the 
smallest scale due to viscous shear. During the intake phase, flow 
through the intake ports produces a mean charge motion, frequent-
ly described as swirl and tumble. Intake flow kinetic energy not 
converted to a swirl or tumble motion produces turbulence. During 
compression, the rapid increase in density and decay of mean 
charge motion result in turbulent kinetic energy production. At the 
same time, the kinetic energy of turbulence at the smallest turbu-
lent length scales dissipates into internal energy. During expansion, 
little or none of the mean flow remains, and the turbulent kinet-
ic energy continues to dissipate. The turbulent kinetic energy and 
eddy length scales contribute to the turbulent flame speed.

Mean flow model

Intake port geometry, valve lift, engine speed, and air flow rate 
all contribute to the mean charge motion. Cylinder flow can also be 
actively controlled by variable valve lift, valve timing, swirl flap, or 
tumble flap. Therefore, several factors must be considered in order 
to estimate cylinder flow across a wide range of operating condi-
tions. Cylinder flow would be best described in three dimensions 
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using the Navier-Stokes equations, but the approach is computa-
tionally too expensive. As an alternative, cylinder charge motion is 
often characterized by angular momentum. The rate of change in 
angular momentum due to intake flow and turbulence production 
can be calibrated to match experimental data or CFD simulations 
[19]. As shown in Figure 4, the angular momentum about the z-axis 
Lz, referred to as “swirl,” is generated by asymmetric flow through 
the two intake ports or by the port geometry. Angular momentum 
about the x-axis Lx, referred to as “tumble,” is generated by the port 
geometry and the intake port offset from the center of the cylinder. 
Angular momentum about the y-axis, minor tumble, is ignored. All 
tumble motion is assumed to be about the x-axis. 

Figure 4: Simplified cylinder flow model characterized 
by swirl angular momentum Lz and tumble angular 
momentum Lx.

The angular momentum vector describing the cylinder charge 
motion L is defined as 

x x x

y y y

z z z

L J
L J

L J

ω
ω

ω

= =

   
   
   
      

L
, (30)

where Jx, Jy, and Jz are the moment of inertias about the three 
axes, and ωx, ωy, and ωz are the angular velocities about the cor-
responding axes. The moment of inertias are approximated for a 
cyinder with diameter B and height xcyl, defined as

2

4 cyl
cyl

V
x

Bπ
=

. (31)

Using a cylinder approximation and assuming the tumble rota-
tion to be centered at xcyl/2 above the piston, the moments of inertia 
about x and y axes are defined as

22

4 4 3
cyl cyl

x y
m xB

J J= = +
 
 
  

. (32)

For rotation about the z-axis, the swirl moment of inertia Jz is 
defined as 

2

8
cyl

z
m B

J = .        (33)

Note that Jx and Jy decrease during compression while Jz remains 
constant. Therefore, without a resistive torque, the tumble veloci-
ties ωx and ωy increase while ωz remains constant during compres-
sion. The rate of change of angular momentum is determined from 
the intake flow, exhaust flow, and interaction with the combustion 
chamber walls. The following assumptions are made to model the 
swirl Lz and tumble Lx angular momentum [19]:

a. The minor tumble angular momentum Ly is neglected. Lx 
accounts for all tumble motions.

b. Tumble and swirl are treated independently.

c. Exhaust backflow has a negligible influence on the charge 
motion and turbulence. Therefore, the intake flow is the only driver 
of angular momentum.

d. Mass of gas exiting the chamber volume carries angular 
momentum

e. Combustion does not affect the mean charge motion.

Using the assumptions, the rate of change of tumble angular 
momentum Lx can be calculated as

, ,
x ex

x in xx shr
cyl

dL m
L

dt m
τ τ= + −



,     (34)

where τx,in is the tumble torque generated from the incoming 
flow, τx,shr is the tumble resistive torque resulting from shear forces, 
and ṁex is the total mass flow rate exiting the chamber. In a similar 
fashion, the rate of change of swirl angular momentum Lz can be 
calculated as

, ,
exz

z in zz shr
cyl

mdL
L

dt m
τ τ= + −



,      (35)

where τz,in is the swirl torque generated from the incoming flow, 
and τz,shr is the swirl resistive torque resulting from shear forces. 
In Eqs. (34) and (35), the first terms represent the charge motion 
generated by flow through the intake valves, and the second terms 
represent the fluid shearing forces and wall friction that produce 
turbulent eddies. The final terms account for the loss of momentum 
caused by gases exiting the chamber through the intake or exhaust 
valves. Because little to no angular momentum remains at the start 
of the exhaust phase, the current cycle has little impact on the swirl 
and tumble in subsequent cycles. Therefore, Lx and Lz quickly reach 
a steady state and can be initialized to be Lx=Lz=0. The ability to 
produce swirl and tumble is frequently quantified by dimensionless 
swirl and tumble numbers (NS and NT) measured on a steady state 
flow bench. The ratio between tangential and ideal velocities is one 
definition of the swirl and tumble numbers published in the liter-
ature [20,21]. This definition results in the following relationships 
between cylinder flow and torque [20]:
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,8 z in
S

in in
N C

m Bu

τ
=
 ,(36)

,8 x in
T

in in
N

m Bu

τ
=


.(37)

where ṁin is the total intake mass flow rate, and uin is the in-
take flow velocity. NS and NT can be correlated to several factors, 
involving valve lift, tumble flap angle, swirl flap angle, and pressure 
drop. Because differences in flow rates between two intake valves 
affect swirl and tumble, NS and NT cannot be treated independently 
for each valve. Yun and Lee, for example, measured the swirl and 
tumble numbers for several combinations of left and right intake 
valve lifts, producing a two-dimensional lookup table [20]. A similar 
approach could be used for a swirl or tumble flap. Without charge 
motion control, NT and NS can be modeled as functions of valve lift 
only, but the effect of pressure drop can also be included for higher 
accuracy.

Fluid shear stresses and wall friction degrades the swirl and 
tumble kinetic energies [22]. The resulting shear torques τz,shr and 
τx,shr can be determined by integrating the wall friction over the 
chamber surface and fluid stress over the chamber volume but 
would require knowledge of the spatial flow field. Grasreiner et al. 
[19] modeled swirl and tumble flow field as a Taylor-Green vortex 
and correlated the angular momentum decay using 3D CFD simu-
lations [19]. The authors defined the rate of change of angular mo-
mentum due to shear as 

,
,

dir shr
dir shr dir dir

dL
L k

dt
τ= = Ψ ,        (38)

Figure 5: Charge motion decay functions Ψx and 
Ψz derived from 3D Taylor-Green vortex simulations 
(Adapted from [19])

where Ψdir is the charge motion time decaying function for a giv-
en direction, and k is the turbulent kinetic energy. Because the flow 
structure depends on the chamber geometry, Ψx and Ψz vary with 
piston displacement and can be adapted to various piston and cyl-
inder head designs. As shown in Figure 5, the tumble decay increas-
es as the piston approaches TDC due to the substantial deformation 
of the tumble vortex. On the other hand, the swirl vortex shape can 

be preserved, and the increase in Ψz as the piston approaches TDC 
can be attributed to increasing frictional losses [19].

Intake flow kinetic energy is conserved in the form of mean 
charge motion, turbulent kinetic energy, and internal energy. Ro-
tational kinetic energy in each direction KEdir,rot resulting from Eqs. 
(34) and (35) is defined as 

2
2

,
1 1

2 2
dir

dir rot dir dir
dir

L
KE J

J
ω= = ,        (39)

where dir can be substituted for each axis. The transfer of swirl 
and tumble rotational energy to turbulent kinetic energy is derived 
from the shear torques τz,shr and τx,shr. Assuming quasi-steady vol-
ume geometry (constant Jdir), the rate of change of kinetic energy 
due to shearing forces can be determined by differentiating Eq. (39) 
and replacing the rate of change of angular momentum with the 
shear torque:

( ),
,

dir rot dir dir dir
dir shr

shrdir dir

d KE L dL L

dt J dt J
τ= =

 
 
 

. (40)

Similarly, the rate of change of rotational kinetic energy due to 
intake flow is determined by

( ),
,

dir rot dir dir dir
dir in

indir dir

d KE L dL L

dt J dt J
τ= =

 
 
 

.                              (41)

Turbulence model

Turbulent flow is irregular and chaotic, consisting of turbulent 
eddies in a broad range of length scales. The largest length scales 
are on the order of the flow geometry, and according to Kolmogor-
ov’s theory, energy from the larger eddies is transferred to progres-
sively smaller eddies. The cascade process continues until energy 
at the smallest length scale dissipates due to viscous forces [23]. 
Assuming isentropic and homogeneous turbulence, turbulent ki-
netic energy k is defined from the root-mean-square of the velocity 
fluctuations u’, such that

2
'

3

2
k u=                (42)

Simplified versions of the k-ε turbulence model have frequently 
been used in quasi-dimensional combustion models to determine 
the rate of change of turbulent kinetic energy k and dissipation rate 
ε. Turbulent kinetic energy and dissipation rate are averaged across 
the combustion chamber volume. The impact of combustion on tur-
bulence is captured by a modifying factor in the burn rate model 
discussed later, assuming combustion does not affect turbulence in 
the unburned zone. Borgnakke et al. described the turbulent kinetic 
energy balance to have production Pk, diffusion Fk,bound, and dissipa-
tion ε terms [24]:

( ),
bound

k k bound
cyl

mdk
P F k

dt m
ε= + − −∑

 
 
  



.              (43)

The production term Pk represents the transfer of mean flow 
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energy to turbulent kinetic energy Pk,shr and effects due to rapid 
changes in density Pk,dens. The diffusion term Fk,bound is treated as a 
boundary flux, where the fluxes include intake flow Fk,in and fuel in-
jection Fk,inj. The boundary mass flow rate ṁbound only includes flow 
entering the cylinder because k is defined on a per mass basis. The 
dissipation rate term ε represents the rate at which the turbulent 
kinetic energy is destroyed. Similar to the mean charge motion, k 
has little dependency on the previous cycles and can be initialized 
as k=0. 

Also, similar to turbulent kinetic energy, the dissipation rate is 
affected by incoming flow, rapid changes in density, and mean flow. 
One equation k-ε models estimate ε based on the integral length 
scale-the largest length scale. Two equation k-ε models include an 
equation for the rate of change of ε derived from the Navier-Stokes 
equations [25]. Taking a similar form as Eq. (43), the balance equa-
tion for ε can be represented [24]:

( ),
bound

bound
cyl

md
P F D

dt mε εε
ε

ε= + − −∑
 
 
  


,                (44)

where Pε is the production, Fε,bound is the boundary fluxes, and Dε 
is the rate of destruction. Dissipation rate initial conditions depend 
on the initial k. By setting k=0 initially, ε=0 at the start of simulation. 
Along with turbulent kinetic energy, eddy length scales are import-
ant for predicting the burn rate. In the two-equation k-ε model, the 
integral length scale lI, which is the largest turbulent length scale, 
is defined as

3
2

I
k

l Cµ ε
= ,               (45)

where Cµ is an empirical constant typically suggested to be 0.09. 
At the Kolmogorov length scale lK, which is the smallest length scale, 
viscous stresses cause the turbulent kinetic energy to dissipate. The 
Kolmogorov length scale is defined as

1
3 4

Kl
ν

ε
=
 
 
 

,                  (46)

where ν is the kinematic viscosity of the fluid. The Taylor mi-
croscale lT, which is smaller than lI and larger than lK, is used to 
model the eddy burn-up time [26]. The Taylor microscale is defined 
as

'
15

Tl u
ν

ε
= .                   (47)

Kinetic energy crossing the volume boundary contributes to 
the turbulent kinetic energy and mean charge motion. By subtract-
ing the rate of change of the mean kinetic energy due to intake flow 
(Eq. 41) from the total intake kinetic energy, the intake turbulent 
kinetic energy contribution Fk,in can be calculated as

2
, ,

1 1

2
dir

ink in dir in
in dir

L
F u

dirm J
τ= − ∑

 .                   (48)

Fuel injection is assumed not to contribute to the mean charge 
motion. Therefore, all kinetic energy is represented as turbulent 

kinetic energy. The direct injection contribution Fk,inj is defined as

2
,

1

2 injk injF u= , (49)

where uinj is the velocity through each injector hole. The effect of 
exhaust backflow on turbulence is neglected as well.

Intake and direct injection contributions to the dissipation rate 
are derived assuming the integral length scale of the incoming flow 
to be proportional to the flow dimension. Using the intake valve lift 
Lv as the flow dimension and rearranging Eq. (45), the intake dissi-
pation rate contribution Fε,in is defined as

3
2

,
,

,

k in
in

vvalve

F
F C

C Lε µ
ε

= , (50)

where Cε,valve is a tuning constant. Similarly, the injection dissipa-
tion rate term Fε,inj can be written as 

3
2

,
,

,

k inj
inj

I inj

F
F C

lε µ= , (51)

where lI,inj is the integral length scale of the incoming flow. Note 
that lI,inj represents all injector holes and may not be easily deter-
mined from the hole diameters but can be tuned.

Mean flow kinetic energy KErot,dir is converted to turbulent ki-
netic energy as a result of wall friction and fluid shear. From Eq. 
(40), the turbulent kinetic energy production resulting from shear 
Pk,shr can be written as

, ,
1 dir

k shr dir shr
cyl dir

L
P

dirm J
τ= − ∑

. (52)

A standard k-ε model relates the turbulence production term 
Pk,shr to the rate of change of the dissipation rate Pε,shr by

1, ,shr k shrP C P
kεε
ε

= , (53)

where Cε1 is an empirical constant typically suggested to be 
1.44. Similarly, the ε destruction rate Dε is related to ε by

2

2D C
kε ε
ε

= , (54)

where Cε2 is an empirical constant typically suggested to be 
1.92.

In addition to the turbulence produced from the mean charge 
motion, Borgnakke et al. [24] derived a turbulence production term 
to account for the effect of compression and expansion [24]. Us-
ing the rapid distortion theory, the turbulence produced by rapid 
changes in density Pk,dens is modeled as 

,
2

3
cyl

k dens
cyl

dk
P

dt

ρ

ρ
= . (55)

Assuming the turbulent angular momentum to be conserved, 
the product of u’ and lI remains constant during rapid distortion. 
Therefore, the following can be concluded [24]:
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,
4

3
cyl

dens
cyl

d
P

dtε

ρε

ρ
=

. (56)

Spark-Ignition Combustion Burn Rate

For a typical SI engine, air and fuel are uniformly mixed in the 
combustion chamber prior to combustion. After the intake valve 
closes, the piston begins to compress the mixture, and near the end 
of the compression stroke, the spark plugs initiates combustion. 
The electric discharge between the spark plug electrodes creates a 
high-temperature plasma kernel [6]. The kernel then develops into 
a propagating flame front. At the thin flame sheet, an exothermic 
chemical reaction occurs, and the unburned mixture is converted to 
combustion products or “burned gas.” Enclosed by the piston, cylin-
der wall, and cylinder head, a turbulent flame develops and spreads 
within the combustion chamber. When the flame front reaches the 
chamber walls, the flame can no longer propagate. 

Several factors influence the rate at which the flame propagates. 
The reaction mechanism for the combustion of a hydrocarbon in-
volves numerous intermediate reactions that dictate the flame 
speed. Modeling the reaction from a chemical kinetic perspective 
would be computationally expensive and would still not necessarily 
provide an accurate prediction of cylinder pressure. Flame propa-
gation speed also depends on flow within the combustion cham-
ber. Increasing turbulence intensity during combustion increases 
the flame propagation speed, thus making piston speed, intake ge-
ometry, and chamber design important factors. Simplified models 
tuned with experimental data or CFD simulations must be used to 
represent complex combustion phenomenon when employing a 
0D or quasi-dimensional model. Fitting the burn rate with a Wiebe 
function, which will be described in the next section, is one way to 
represent combustion without considering combustion chemistry 
and turbulence. Because the fitting does not include physics-based 
representations of combustion, the accuracy will suffer when op-
erating outside the tuned range. A turbulence entrainment model, 
however, uses laminar flame speed and a turbulence model to pre-
dict the burn rate. Although an entrainment model requires tuning, 
the more predictive approach can better represent combustion out-
side the operating points used to tune the model.

Wiebe burn rate

The rate of combustion has been observed to gradually increase 
at the start of combustion, rapidly increase during flame propaga-
tion, peak halfway through the combustion process, and rapidly 
decline during flame termination. Therefore, the mass fraction of 
burned gas yburn creates an “s-shape” when plotted against the crank 
angle as shown in Figure 6. Based on experimental observations, 
the combustion rate is frequently fitted by a Wiebe function in the 
crank angle domain. The general Wiebe function is defined as

1
01 exp

m
c

burny a
θ θ

θ

+
−

= − −
∆

  
      , (57)

Figure 6: Cylinder pressure and Wiebe mass fraction 
burned profile.

where θc is the crank angle, θ0 is the crank angle at the start of 
combustion, Δθ is the combustion duration, and a and m are fitting 
parameters. Parameter m defines the shape of the mass fraction 
burned profile, while a model the combustion efficiency. From Eq. 
(57), combustion efficiency ηcomb can be defined as

1 a
comb eη −= − . (58)

Parameter a becomes 6.908 for an assumed efficiency of 99.9%. 
To tune the Wiebe function parameters, cylinder pressures are 
measured at different engine operating conditions, and the burn 
mass fraction profile can be derived by energy law analysis [6]. As a 
result, a, m, and Δθ vary with engine speed and load. 

Turbulent entrainment model

Figure 7: Turbulent entrainment model zones with a 
spherical flame front expanding from the spark location.

The Wiebe mass burn profile provides an accurate estimation 
of cylinder pressure when simulating combustion at or near the 
tuning operating conditions. Because the actual burning velocity 
depends on turbulence and unburned gas composition, however, 
any changes in cylinder flow or mixture at the start of combustion 
will produce inaccuracy. For example, altering the valve timing 
changes the flow velocity into the cylinder, thus affecting turbu-
lence and flame speed. Even spark timing has an effect on the burn 
rate. Turbulence and flame structure vary with piston position due 
to changes in pressure, temperature, and cylinder volume, and by 
moving the start of combustion, the burn rate changes throughout 
the combustion process. To optimize engine parameters, a more 
predictive combustion model must be employed to ensure better 
accuracy over a wide range of operating conditions.
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The turbulent entrainment model includes cylinder turbulence, 
geometry, and composition when predicting the burn rate [26,27]. 
As depicted in Figure 7, the entrainment model represents combus-
tion in two stages. In the first stage, the unburned mixture is en-
trained within the turbulent flame front but not consumed. In the 
second stage, the entrained mass is burned. The rate at which the 
unburned gasses are entrained by the flame is defined as

e uf fm A Sρ= , (59)

where me is the entrained mass, Sf is the turbulent flame speed, 
and Af is the surface area between unburned and entrained zones. 
Once entrained, the ignition sites are stretched by turbulent eddies 
at the Taylor microscale lT until the unburned gasses become fully 
engulfed by the flame. The mass burn rate ṁb is governed by the 
eddy burn up time τb and unburned entrained mass:

e b
b

b

m m
m

τ

−
= . (60)

Tabazynski used the Taylor microscale lT to characterize the 
spacing between dissipation regions [26]. By adding a tuning con-
stant Cb to Tabazynski’s model, τb is defined as

/T Lb bC l Sτ = , (61)

where SL is the laminar flame speed.

Tabazynski represented the flame speed Sf as the sum of the 
laminar flame speed SL and the root-mean-square of velocity fluc-
tuations u’ [26]:

'LfS S u= + . (62)

Several additions have been made by researchers to better 
match experimental observations. Brehob and Newman modeled 
the flame speed with the following equation [28]:

' 1

f

u Idev
Lf f

b

r
C l

S S C u e
ρ

ρ

−
= + −

 
 
  
  , (63)

where rf is the flame radius and Cf and Cdev are tuning constants. 
During early combustion, turbulence has less impact on the flame 
speed. The exponential term in Eq. (63) models the transition from 
laminar to turbulent flame speed. Throughout combustion, the 
propagating flame impacts turbulence. Different approaches have 
been used to correct u’ for rapid changes in density. The square root 
of the density ratio in Eq. (63) accounts for the effect combustion 
has on turbulence.

Area Af can be determined from a 3D CAD model or a generic 
representation of the chamber with the flame front approximated 
as a sphere centered at the sparkplug. A lookup table for Af can be 
generated by intersecting a sphere with the combustion chamber 
geometry (cylinder wall, piston, and cylinder head) at flame radius 
rf and piston position xp breakpoints. The volume inside the sphere 
Ve can be determined from the geometry as a function of flame ra-

dius rf and piston position xp as well. By integrating flame speed 
(ṙf=u’+SL), rf can be estimated and then used to determine Ve and Af 
from lookup tables. However, the model becomes over constrained 
when deriving rf from the flame speed because Ve, a function of rf, 
is defined by the two-zone model constraints. Thus, assuming the 
unburned entrained density to be ρu, the entrained volume Ve is de-
fined as

e b
e b

u

m m
V V

ρ

−
= +

, (64)

where the burned volume Vb is defined in Eq. (28). Now, Ve can 
be used as breakpoints for the Af lookup table:

( ),p efA f x V= . (65)

Laminar Flame Speed

Under laminar flow conditions, the reaction layer between the 
unburned and burned zones (flame front) during premixed com-
bustion propagates in a controlled manner toward the unburned 
mixture. Based on the observation, premixed combustion is often 
characterized by the laminar flame speed SL. Detailed reaction 
mechanisms can be used to predict SL, as described in [29]. Chem-
ical reaction simulations are computationally expensive and may 
not accurately represent the burn rate. Therefore, SL is typically 
measured experimentally and fit to a power law. 

Several factors influence SL, including pressure, unburned gas 
temperature Tu, equivalence ratio ϕ, and diluent gas mass fraction 
ydil (i.e. EGR or burned gas residuals). In order to determine SL for 
various air-fuel mixtures, Metghalchi and Keck measured the burn 
rate over a large range of operating conditions and fit SL to the equa-
tion [30]: 

( ), 1 2.1u
L L ref dil

ref ref

T P
S S y

T P

α β

= −
   
      
    , (66)

Table 1: Laminar flame speed coefficients for methanol, 
propane, isooctane, and gasoline.

Fuel Bm (cm/s) Bϕ (cm/s) ϕm

Methanol [30] 36.92 -140.51 1.11

Propane [30] 34.22 -138.65 1.08

Isooctane [30] 26.32 -84.72 1.13

Gasoline [31] 30.5 -54.9 1.21

where Tref = 300K, Pref = 101325 Pa, and α, β, and SL,ref are fuel 
specific parameters that vary with ϕ. The fit parameters are defined 
as:

( )2.18 0.8 1α ϕ= − − , (67)

( )0.16 0.22 1β ϕ= − − − , (68)

and ( )2
, m mL refS B Bϕ ϕ ϕ= + − ,                    (69)
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where Bm, Bϕ, and ϕm are fuel specific fitting parameters sum-
marized in Table 1 for various fuels.

Heat Transfer

During combustion and expansion, heat loss due to convection 
heat transfer lowers the cylinder pressure and therefore usable 
power. Cylinder wall, cylinder head, and piston are modeled at sep-
arate temperatures Twall, Thead, and Tpiston. For a single-zone combus-
tion model, heat transfer Q̇w from the chamber walls to the control 
volume is defined as

( )
( ) ( )

w c wall wall cyl

piston pistonhead head cyl cyl

Q h A T T

A T T A T T

= −

+ − + −









, (70)

where hc is the heat transfer coefficient and Awall, Ahead, and Apis-

ton are the cylinder wall, head, and piston surface areas exposed to 
the control volume, respectively. Areas Ahead and Apiston remain con-
stant while Awall varies with xp:

pwall boreA x Dπ=
, (71)

where Dbore is the cylinder bore diameter. For a two-zone com-
bustion model, heat transfer is defined for both zones: unburned 
Q̇u and burned Q̇b heat transfer. Similar to Eq. (70), convection heat 
transfer for the zones are defined as 

( )
( ) ( )

, ,

,,

u c u uwall u wall

u piston u piston uhead u head

Q h A T T

A T T A T T

= −

+ − + −






, (72)

and 

( )
( ) ( )

, ,

, ,

b c b wall b wall b

pistonhead b head b piston b b

Q h A T T

A T T A T T

= −

+ − + −






. (73)

where the surface areas are defined for each zone. Assuming a 
spherical flame front, each surface area is a function of flame radi-
us and piston displacement. Flow velocity influences the convec-
tion heat transfer coefficient hc but is not explicitly available from 
the cylinder model. To predict cylinder convection heat transfer, 
Woschni developed a convection correlation based on a spatially 
averaged cylinder velocity [32]. Woschni suggested that the average 
gas velocity w in the cylinder should be proportional to the mean 
piston speed pS , and to account for changes in velocity during com-
bustion and expansion, Woschni included the motoring pressure pm 
in the correlation. Assuming a polytropic expansion of an ideal gas, 
the motoring pressure can be estimated from 

r
m r

cyl

V
p p

V

γ

=
 
  
  , (74)

where pr and Vr are the reference pressure and volume tak-
en at the start of combustion. Derived from experimental testing, 
Woschni published the following correlation for predicting the 
mean cylinder gas velocity:

( )1 2
rcyl

p mcyl
r r

V T
w C S C p p

p V
= + − . (75)

The correlation coefficients C1 and C2 given in Table 2 are ad-
justed based on specific engine conditions. Valves are open during 
gas exchange and closed during compression and expansion. As a 
result, the period can be determined by the flow rate through the 
valves and the piston speed.

Table 2: Coefficients for Woschni heat transfer correlation 
[31,32].

Period Criteria C1 C2

Gas exchange 1
0

N
kk

m
=

≠∑  6.18 0

Compression 0px < 2.28 0

Combustion and expansion 0px ≥ 2.28 3.24e-3

With the mean velocity w, Woschni correlated the cylinder Nus-
selt number to the Reynolds number using the power-law relation-
ship

Nu Re
ah

hC= , (76)

where Ch is a tunable constant and ah=0.8. Woschni used 
Ch=0.035, but the value could be tuned to fit experimental data. 
With Dbore as the characteristic length, the heat transfer coefficient 
can be derived from Eq. (76) as

0.2 0.8 0.8 0.8
wc h boreh C kD µ ρ

− −= , (77)

where ρ is the density, k is the thermal conductivity, and µ is 
the dynamic viscosity of the gas. For the single-zone model, ρ is the 
cylinder density ρcyl and fluid properties are evaluated at the cylin-
der temperature Tcyl. For the two-zone model, density and tempera-
tures are taken from the respective zones. Therefore, hc,u ≠ hc,b due to 
the differences in density and fluid properties.

Conclusion

In this series paper, a detailed combustion modeling approach 
utilized in a Simulink-based spark-ignition internal combustion en-
gine modeling framework was presented. For the combustion mod-
el, both single-zone and two-zone models were explained with an 
assumption of a spherical flame propagating from the spark plug. 
The burn rate is correlated to the combustion chamber geometry, 
laminar flame speed, cylinder charge motion, and turbulence. To 
accurately predict the burn rate, the quasi-dimensional model re-
quires tuning of several parameters for various empirical models. 
The overall combustion model was partially validated by compar-
ing a simulation result with commercial software in a previous pub-
lication by the authors and will be experimentally validated with 
real test data obtained from a Mazda SKYACTIV®-G 2.0L engine in 
the next series paper.
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