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Abstract

In this paper, Amplitude Death (AD) phenomenon is reported in a network of Euler’s beams in- directly
coupled via an electrical circuit consisting of piezoelectric patches. AD phenomenon appears in this
system when global synchronization of all beams takes place. The occurrence of global synchronization,
which was preceded by dynamical clustering, is dependent on the size of the network as well as on the
load resistance of the electrical circuit which indirectly interacts with all the beams. The results further
show that the AD state can be observed for relatively very weak coupling strength and large system-size.
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Evolutions in Mechanical Engineering

In recent years, a great deal of interest has been devoted on exploring the complex
behaviors generated from time delayed nonlinear oscillators. The interaction between
the subsystems may exhibit rich forms of emergent phenomena such as: synchronization;
hysteresis; phase locking; riddling; and oscillation quenching [1-3]. This great attention is due
to the fact that delay is ubiquitous in a large number of dynamical systems and in different
fields of application. It is well known that in the presence of time delay can induce complex
phenomena on certain simple systems which do not occur in its absence. This delay can
influence either negatively or positively the stability and dynamics of a system. Therefore,
time delay can alter the stability of an equilibrium point, gives birth to a limit cycle, leads
to bifurcation, chaos [4-7]. In structural control engineering, it is particularly important to
take into account the effect of the delay in the active control of structures because its origin
and influence have been shown both theoretically and experimentally. Indeed, the delay
can be generated either by the time interval between the detection of the vibration by the
control device and the application of the force necessary to attenuate it, or the time taken
to calculate the force necessary to quench the vibration [8-10]. It seems therefore natural
to include time delay in the modelling of mechanical and civil structures under control. On
other hand, real world systems exhibit complex dynamics which can be described as a mutual
interaction between many subsystems with different network topologies. Based on the nature
of interactions among these subsystems, they can be coupled mainly in two ways: direct
or indirect coupling. Resmi et al. [2] in their work presented the appearance of quenching
phenomenon on a network of coupled oscillators through competing between the indirect
or environmental coupling and diverse types of direct coupling as diffusive, replacement,
and synaptic couplings . Quintero-Quiroz et al. [11] investigated the collective behavior of
a system of chaotic Rossler oscillators indirectly coupled through a common environment.
They found two collective states by varying the coupling strength: non-trivial collective
behavior and dynamical clustering. Applications of network dynamics have been widely
discussed in different contexts in physics, chemistry, biology, social sciences, and engineering.
In the collective behaviour of real life systems, time delay is usually associated with finite
propagation velocities of information signals, finite reaction times of chemicals, transportation
of matter or information of electrical signals on transmission lines and so on. Time-delayed
coupled dynamical oscillators can induce a large variety of dynamical phenomena such as
synchronization, clustered chimera states, oscillation quenching and so on [1,12].
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In this work, we intend to show the effect of time delay on a
network of Euler’s beams indirectly coupled through an electrical
circuit constituted of piezoelectric patches and a load resistance.
The outline of this paper is as follows: In section 2, we introduce
the description of a delayed network of indirectly coupled Euler’s
beams through an electrical circuit and then discuss analytical
results obtained from stability analysis. This is followed in section
3 by the numerical investigation of the dynamical states of the
network and a global stability analysis. The effect of the delay
on the synchronization state and the occurrence of SAR state is
also analyzed in this section. Finally, section 3.1 is devoted to the
conclusion.

Description of the Delayed Network of Indirectly
Coupled Beams and Stability Analysis
System description

Linear stability analysis

The system consists with a network of N simple sup- ported
beams as shown in Figure 1. Each beam is assumed isotropic,
uniform and flexible. We assume that all beams are identical Euler’s
beams and that they are excited by a common force of amplitude
f0 and frequency ω. The network of beams are interconnected
indirectly through an electrical circuit. On this configuration, all
the beams interact with the electrical part at the same time the
dynamical state of each beam is also influenced by the electrical
part. This configuration is known in the literature as indirect
coupling or environmental coupling [2,11,13]. The electrical part
integrates a load resistance and the capacitance of the piezoelectric
patches. The piezoelectric layers are laminated along each side of
both beam. Applying both continuous mechanical principles to the
mechanical part and the Kirchhoff’s laws to the electrical part, the
system of delayed indirectly coupled beams can be defined by the
following set of equations
2

d Zi
dt

2

+λ

where the variables Zi and V represent the displacement of the
ith beam and the voltage across the load resistance, respectively with
i=1, 2, ..., N . χ which represents the strength of the electromechanical
coupling parameter, τ which is the time delay between the detection
of vibrations and the actuation feedback action of the controller,
and other parameters in Eq. (1) are assumed positive throughout
this work. The simulations are carried out for λ=0.39, α=0.25,
β=1.24, a=318.26, ω=0.3, f0=5.0, N=20, otherwise if the values are
changed, the new values will be specified. Equation (1) is obtained
assuming the Euler-Bernoulli formalism with the requirements
that the beam is thin and relatively long and that the torsional and
axial vibrations are negligible compared to the flexural vibration.
The equations modelling such a system have been established for a
network of beams indirectly interconnected to an electrical circuit,
without time delay consideration [14].

dZ i
dt

+

3
Zi + α Zi

+ χV =
f0 cos (ωt ) (1a)

N d
dV
Zi (t − τ )
=
+ βV a χ ∑
i =1 dt
dt

(

)

(1b)

To study the local stability of the equilibrium point (0,0,0), the
amplitude of the external excitation is set to be f0=0.0 (autonomous
case). The overall network of coupled beams are assumed to be
in a synchronized state. Thus, equation (1) can be recast in the
following linearized form:

dzi
dt

dyi
dt

dυ
dt

= yi

=
−λ yi − zi − χV (2)

=
− βυ + a χ Nyi ( t −τ )

We set the Lyapunov concept by applying the fundamental
solution est [9,15]. The characteristic equation related to the fixed
point (0,0,0) is given in the following form:

(

s + ( β + λ ) s + 1 + λβ + aN χ e
3

2

2 − ST

) s + β =0

(3)

To obtain the stability boundary in the control parameter space
(χ,β), we use the D-subdivision method [10,16]. According to this
method, the stability boundary in the space of control parameters
(χ,β) is determined by the points that lead either to a root s=0, or
a pair of pure imaginary roots of Eq. (3). Substituting s = 0 into Eq.
(3) yields:

β = 0 (4)

Setting s=ib (where b is a real parameter) into the characteristic
equation (3), one finds the following system of equations:
2
aN χ 2 ( b sin ( bτ )) + (1 − b 2 ) β =
λb

2
2
aN χ cos ( bτ ) + λβ =b − 1

Equation (5) leads to
Figure 1: Schematic diagram of a feedback time
delay indirectly coupled network of beams.
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(sin (bτ ) b
β=

2

(5)

)

− cos ( bτ ) bλ − sin ( bτ ) b

sin ( bτ ) bλ + cos ( bτ ) b − cos ( bτ )
2
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χ =

3

4

2

2

2

b + b λ − 2b + 1

Na ( sin ( bτ )bλ +cos( bτ )b −cos( bτ ) ) (6)
2

The bifurcation curve in plane (χ,β) delimiting the stability
boundary can be found from the parametric equations (6) where
b is varying, while assuming that the conditions χ≥0 and β≥0 are
verified. Figure 2 shows the stability boundary in the parameter

space χ−β for different values of the time delay. The white colour
indicates the region where the whole system is stable, whereas the
black colour represents the region where the system is unstable.
As the time delay increases, the stable region is reduced. Thus, we
lead to the conclusion the control parameters along with the time
delay have an important effect on the stability and the efficiency for
a control process.

Figure 2: Stability boundary in the parameter space χ-β: showing the reduction of the stable region in the system
for different values of the time delay: (a) τ=0.1, (b) τ=0.2, (c) τ=0.3, (d) τ=0.5.

Effect of Time Delay on the General Behavior of the Network of Indirectly Coupled Beams
On the stability of the network

Figure 3: Bifurcation diagrams of the network of coupled beams (Eqs. (1)) depicting the local maxima of the first
beam as χ increases: showing the effect of the delay τ on the occurrence.
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Bifurcation diagrams are plotted in order to complement
the results obtained from the stability analysis. We observe the
effect of the delay on the generalized behavior of the network of
coupled systems as the coupling parameter increases. Figure 3
shows the bifurcation diagrams of the displacement of the first
beam Z1 as function of the electromechanical coupling parameter
χ for different values of the time delay τ . According to the time
delay, the trajectory of the beams increases and diverges from the
equilibrium point of the network of coupled beams (ye,ze)=(0,0)
as the electromechanical coupling parameter increases. Moreover
complex motions are observed in the network with a certain range
of the coupling parameter. Nevertheless, as the coupling parameter
reaches a certain value, the trajectories of all beams in the network
diverge towards infinity and whole system exhibits unstable
motion. Some representative time series of the displacement Zi,

phase portrait and amplitude of Fourier spectra of responses of any
beam in the system are shown in Figure 4 for τ=0.1 and different
values of the electromechanical coupling parameter χ. As the
coupling parameter χ increases, the amplitude of vibrations also
increases, and the periodic oscillations observed for χ=0.1 in- volve
to a period doubling motion for χ=0.45 and finally a quasiperiodic
motion is observed for χ=0.55. Correspondingly, the Fourier spectra
have been drawn corresponding to the time series in (Figure 4)
(a3)-(b3)- (c3). The increase of χ generates several harmonics and
enlarges the range of frequencies in the network. The consideration
of the time delay on the feedback control of the network of beams
leads to the disappearance of the strong amplitude reduction
observed in the case without delay shown in [5] and brings out
disturbance and instability around the system.

Figure 4: Time series, phase portrait and Fourier spectra of any beam in the network with τ=0.1 and (a) χ=0.1,
(b) χ=0.45, (c) χ=0.55.

On the synchronization and strong amplitude state
In order to characterize the collective behavior of the
network of coupled beams and show the effect of the time delay
on the Strong Amplitude Reduction (SAR) state, we introduce the
following approaches. On one hand, the occurrence of the global
synchronization in the overall system of coupled beams can be
numerically investigated through the asymptotic time-average ⟨σ⟩
of the instantaneous standard deviations of the distributions of
state variables related to the beams [11,17], defined as

σ =
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1

T −τ

T

∑ σ (t )

t =τ

(7)

σ=
(t )

as

1 N
 N i∑=1 Zi − Z

(

) + ( Zi − Z ) 
2

2

1

2

(8)

where τ is the transient time, and the mean values are defined

Z (t ) =

1

N

N

∑ Zi (t )

i =1

1 N 
Z ( t ) =
∑ Zi (t )
N i =1

(9)
(10)

Global synchronization which describes a collective dynamic
of the system of coupled beams, corresponds to the value ⟨σ⟩=0.
Numerically, we consider that synchronization state is obtained
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as ⟨σ⟩<10−7. On the other hand, the strong amplitude reduction
phenomenon is characterized with the time-average amplitude
⟨A⟩ of the displacement variables. ⟨A⟩ is calculated by the average
difference between the global maximum and global minimum
values of the time series of each beam of the system over a sufficient
long time [13]. The average amplitude ⟨A⟩ is then written as,

=
A

1

N

N

∑  Z i ,max − Z i ,min 

i =1

(11)

The case where ⟨A⟩∼0 is considered as strong amplitude
reduction state. Thus, the average amplitude parameter can be
useful to identify the coupling parameter regions for which the
vibration control strategy is highly efficient. Figure 5 shows the
time-average standard deviation ⟨σ⟩ of a network of indirectly
coupled beams as function of the coupling strength χ for different
network-sizes and with a time-delay τ=0.001. It is found that
the network of coupled beams remain in a synchronization state
over the coupling parameter range for small values of networksize (N≤15). As the number of coupled beams is more increased
(N≥25), the synchronization state is lost for large values of the
coupling strength. Furthermore, in Figure 6, the variation of the
average amplitude ⟨A⟩ of the network of coupled beams, with the
coupling strength χ, for different network- sizes is investigated.
For small values of the network-size (N≤15), first we observe that

the vibration state of the global network of coupled structures
increases for small values of the coupling strength. After a threshold
value of the coupling parameter, a continuous vibration reduction
is observed which leads to a strong amplitude reduction state for
large values of the coupling strength. Amplitude reduction is more
important when the number of coupled systems increases. When
the number of coupled systems grows more (N≥25), we observe
at first the same behavior as in the case of small network- sizes.
But for large coupling values, the average amplitude of the system
increases abruptly, which means that the system becomes unstable
for these values of the coupling parameter. This finding coincides
with that made in Figure 5, reflecting the fact that the strong
amplitude reduction state is only reached when the network of
coupled beams is in a synchronization state. A global representation
of the synchronization state and the average amplitude can be
obtained by scanning different values of the network-sizes, N and
coupling strength, χ. The time-average standard deviation ⟨σ⟩
and the average amplitude ⟨A⟩ are evaluated for different values
of the time-delay. We note that these quantities are associated in
each panel to the colour bars which represent the synchronization
state and the global vibration state of the network of coupled
beams, respectively. Figure 7 shows that the region of the global
synchronization state of the network of coupled beams decreases
with the increase of the delay and the number of coupled beams.

Figure 5: Time-average standard deviation σ of a network of indirectly coupled beams, under the variation of
the coupling strength χ, for network-sizes N=5,10,15,25,30. With τ=0.001 and other parameters defined above.

Figure 6: Time-average amplitude A of a network of indirectly coupled beams, under the variation of the coupling
strength χ, for network-sizes N=5,10,15,25,30. With τ=0.001 and other parameters defined above.
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Figure 7: The schematic phase diagram of the time-average standard deviation σ in parameter space (χ, N ) for
different values of the delay. (a) τ=0.001, (b) τ=0.01, (c) τ=0.1 and the other parameters are defined above.
Figure 8 shows the variation of the average amplitude
of the network with the increase of the delay. The dynamical
states observed in (Figures 8 (a) & (b)) coincide nearly with the
synchronization state of the net- work of coupled beams showed
in Figures 7(a) & 7(b). The strong amplitude reduction state is
represented as a part of the region in blue colours, and this state
is followed by an abrupt increase of vibratory state in the overall
network. For value of the time-delay τ=0.1, the strong amplitude
reduction state is almost missed as showed in Figure 8(c). In this
case, the large region of synchronization state observes in Figure
7(c) can be explained by the fact the beams are driven by the same
external excitation. Taking into account that in a real environment,
the excitation force can fluctuate from one structure to another.
Thus, it seems interesting to investigate the effects of time delay on
a network of coupled beams excited by heterogeneous loads. The
case where the beams are excited by external loads with the same
amplitude and randomly distributed frequencies such as ωi∈[0,0.5]
is investigated. Figure 9 shows the effects of time delay both on

the synchronization and the SAR state of a network of indirectly
coupled beams, with randomly distributed external frequencies
for different network-sizes and coupling strength. Both the case
without delay and the with delay are considered. Thus, the network
of coupled beams does not synchronize in the case without delay
when a synchronization state appears on a certain range of small
coupling strength as shown in Figures 9(a) & 9(b), respectively. The
strong amplitude reduction state is also lost on both cases as shown
in Figures 9(c) & 9(d). In order to confirm previous observations,
some representative time series of the displacement Zi of a network
of N=10 indirectly coupled beams are shown in Figure 10 for the
case without delay (τ=0.0) and the case with delay (τ=0.1). So, the
network is in de- synchronization state of the case without delay
(Figure 10 (a)) while a synchronization state is observed for the
case delay (Figure 10 (b)). In the last case it can be seen that the
presence of the delay in the system contributes to the suppression
of the complex dynamics of the network whereas the vibrations
amplitude of the beams increase.

Figure 8: The schematic phase diagram of the average amplitude of the network of coupled beams A in parameter
space (χ, N) for different values of the delay. (a) τ=0.001, (b) τ=0.01, (c) τ=0.1 and the other parameters are defined
above.
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Figure 9: The schematic phase diagram of the time-average standard deviation σ for (a) τ=0.0, (b) τ=0.1, and
the average amplitude of the network of coupled beams A for (c) τ=0.0, (d) τ=0.1 in parameter space (χ, N). With
f0=10.0 and the other parameters defined above.

Figure 10: The schematic phase diagram of the time-average standard deviation σ for (a) τ=0.0, (b) τ=0.1, and
the average amplitude of the network of coupled beams A for (c) τ=0.0, (d) τ=0.1 in parameter space (χ, N). With
f0=10.0 and the other parameters defined above.

Conclusion
In this paper, we have investigated the effect of the delay on a
network of indirectly coupled Euler’s beams through an electrical
environment. The electrical part consists of piezoelectric patches
mounted in a parallel configuration and those patches are used to
absorb the mechanical energy of the network of coupled beams. An
analytical analysis of stability of the overall system has been done
and it has been shown that the increase of the time delay reduces the
area of stable motion of the system. This has also been confirmed
numerically through bifurcation diagrams and time histories. The
Evolutions Mech Eng

generation of the delay in a vibration control strategy can give birth
to divers dynamical states. The vibratory state and the collective
dynamics of the network coupled beams have been characterized
using the average amplitude function ⟨A⟩ and the time-average
standard deviation ⟨σ⟩. It has been shown that the variation of the
time-delay affects both the synchronization state and the strong
amplitude reduction of the network of coupled beams as the
coupling strength and the number of coupled structures increase.
It has been observed that the large values of the delay leads the
suppression of the SAR state with the increase of the coupling
Copyright © Nana Nbendjo BR
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parameter. The vibration control strategy developed is interesting
as it can be used for the spontaneous control of several mechanical
structures at the same time. On other way, we have also shown that
in some ways, the delay could be beneficial for the synchronization
state of coupled systems.
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