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Abstract

Many important scientific and engineering applications, such as strong shock and turbulence interactions 
and hypersonic boundary-layer stability and transition, involve strong shocks and high temperature 
effects. These processes are strongly nonlinear and proven to be very complex to understand with 
existing tools. The most widely used shock capturing methods may incur numerical oscillations near the 
shock and may not be accurate enough for numerical simulations of hypersonic boundary-layer stability 
and transition problems. To solve such problems, a unique approach of using high-order shock-fitting 
method is adopted, where the shock is treated by shock-fitting method as a sharp boundary. However, 
there are no reported studies on the effects of transport coefficient modeling, chemical reaction rate 
and equilibrium constant modeling, internal energy mode modeling, and energy relaxation modeling. In 
this paper, the effect of transport coefficient modeling on hypersonic non-equilibrium flow simulations 
is considered using the recently developed high-order shock-fitting solver. The study is carried out by 
comparing numerical simulations with experimental datasets. The results consistently show that an 
increase of Lewis number leads to a decrease of shock standoff distance. For low and moderate enthalpy 
cases, different models of transport coefficient lead to minor change in shock standoff distance and 
flow field. Nevertheless, the pressure difference indicates that for pressure sensitive problems such as 
hypersonic boundary-layer stability and transition, one still needs to consider the effects of transport 
coefficient models.

Introduction

Hypersonic flow is categorized by certain physical phenomena that do not typically play 
an important role in subsonic and supersonic flows. These effects could be thin shock layers, 
entropy layers, viscous-inviscid interactions, and high temperature gas effects [1]. All these 
effects need to be considered for scientific and engineering applications involving strong 
shocks, such as strong shock and turbulence interactions [2-4] and hypersonic boundary-
layer stability and transition [5-7]. At temperatures up to 500-800K, gas flow stays calorically 
perfect. Only translational and rotational energy modes are fully excited while the excitations 
of vibration energy mode and chemical reactions are negligible. As a result, specific heat 
capacities remain constant. For temperatures in the range of 800-2000K, vibration energy 
mode takes an important role in sharing the total energy with the translational and rotational 
modes. Near the lower temperature limit of this regime, translation-vibration energy 
relaxation between harmonic oscillator molecules dominates because most of the molecules 
are near the ground vibrational state. Near the higher limit of this regime, vibration-vibration 
energy relaxation becomes significantly active because not only are vibrationally excited 
molecules highly populated, but also vibration-vibration energy relaxation is considerably 
faster than its translation-vibration counterpart. Also, the vibrational oscillation becomes 
inharmonic as the temperature approaches the dissociation level. However, results within the 
harmonic oscillator approximation are known to be sufficiently accurate for most practical 
purposes [8]. 

For temperatures above 2000-2500K, vibration energy mode is fully excited and O2 
starts dissociating. Around 4000K, O2 is completely dissociated and N2 starts dissociating. 
When the temperature reaches 9000k, most of the N2 is dissociated. Coincidentally, this is the 
temperature where dissociated N and O atoms become ionized. Around 12000K, all the gases 
are completely dissociated and about 14% of them are ionized such that there is a sufficient 
amount of free charges. Radiation emitted and absorbed by the gas can become important and 
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could eventually modify the energy distribution in the flow field. 
At 20000K, double dissociation begins. And finally, when it reaches 
30000K, the gas is completely ionized [9]. This regime corresponds 
to M∞ greater or much greater than 30.

All high temperature effects are due to molecular collisions 
which occur at finite rates. When the collision rates are much faster 
than flow rates, it is called as “equilibrium flow”. On the other hand, 
if the collision rates are much slower than flow rates, it is called as 
“frozen flow”. Unfortunately, these two situations cannot completely 
describe the hypersonic flow over a space/air vehicle. There will 
always be regions where the collision rates are in the same vicinity 
of the flow rates. Moreover, different species will have different 
reaction rates and different energy relaxation rates. Therefore, 
energy transfers between bulk kinetic energy, translational 
energies, chemical energies, and vibration energies of different 
species are actively in progress in a hypersonic thermochemical 
non-equilibrium flow. When these effects start to play dominant 
roles, the flow is called “non-equilibrium flow”.

In the past years, interest in various types of vehicles in 
hypersonic flow regime produced numerous structured grids based 
non-equilibrium flow solvers. According to recent publications, 
Laura, DPLR, and Lore are the most frequently referenced and 
are intensively validated against each other [10] and against 
wind tunnel tests. LAURA (Langley Aerothermodynamic Upwind 
Relaxation Algorithm) is mainly developed by Peter Gnoffo at the 
NASA Langley Research Center [11-14]. It uses Roe’s flux difference 
splitting scheme with Yee’s second-order symmetric total variation 
diminishing scheme to model the inviscid fluxes. Steady state 
solution is obtained using either point or line relaxation time 
integration scheme. The vibration energy mode is assumed to be 
in equilibrium with the electronic energy, and the translational 
energy is assumed to be in equilibrium with the rotational energy 
mode. The code supports multi-block structured grids and MPI 
communication for massive parallel computing. DPLR (Data-
Parallel Line Relaxation) is initially developed at University of 
Minnesota by Wright et al. [15]. It is further developed at NASA 
Ames research center [10]. DPLR implicit method is optimized 
for efficient parallel computing by arranging the body normal 
dependent data with local CPU in order to perform the relaxation 
process simultaneously in parallel mode. DPLR uses third order 
modified Steger-Warming flux splitting scheme with MUSCL data 
reconstruction to model the inviscid fluxes. Unlike LAURA, the 
vibration energy mode is separately treated from the electronic 
energy modes, and the translational energy is assumed to be 
equilibrium with the rotational and electronic energy mode. It also 
supports multi-block structured grids. Lore [16] was developed 
at the Advanced Operations and Engineering Services Group in 
Europe. The flow solver uses modified AUSM scheme with MUSCL 
data reconstruction to achieve second-order accuracy coupled with 
a van Albada limiter. Time advancement to a steady-state solution 
is achieved using an alternating direction line Gauss-Seidel implicit 
relaxation method. The code supports multi-block structured grids. 
This code covers a wide range of flight regimes from subsonic to 
hypersonic. 

However, the most widely used shock capturing methods may 
incur numerical oscillations near the shock and may not be accurate 
enough for numerical simulations of hypersonic boundary-layer 
stability and transition. To solve problems including strong shocks 
and thermochemical non-equilibrium phenomena, a unique 
approach of using high-order shock-fitting method is proposed. 
The main shock is treated by the shock-fitting method as a 
sharp boundary. The shock dynamics is governed by shock jump 
conditions so that the interaction of the main shock with freestream 
disturbance is computed accurately. The main advantages of the 
shock-fitting method are its uniform high-order accuracy for 
flow containing shock waves and no spurious oscillations near 
the shock. On the contrary, most of the popular shock-capturing 
methods are only first-order accurate at the shock and may incur 
spurious numerical oscillations near the shock. The shock-fitting 
solver is implemented based on 5-species chemistry set of air 
and a two-temperature model. It is assumed that translational 
and rotational energy modes are in equilibrium at translational 
temperature whereas vibration energy, electronic energy, and free 
electron energy are in equilibrium at vibration temperature. The 
flow solver uses fifth-order shock-fitting method of Zhong [17] with 
local Lax-Friedrichs flux splitting. 

However, there are no reported studies on the effects of 
transport coefficient modeling, chemical reaction rate and 
equilibrium constant modeling, internal energy mode modeling, 
and energy relaxation modeling. In this paper, the effect of 
transport coefficient modeling on hypersonic non-equilibrium 
flow simulations is considered using the recently developed high-
order shock-fitting solver. The study is carried out by comparing 
numerical simulations with published experimental datasets.

Models of Transport Coefficients

The governing equations, high-order numerical methods, and 
models for thermochemical non-equilibrium flow used in the 
current study have been discussed in another paper [18]. One can 
refer to it for more details. Since the goal is to study the effect of 
transport coefficient modeling on hypersonic non-equilibrium flow 
simulations, two regularly used models of transport coefficients 
are implemented to the code. At first, the viscosity of each species 
is calculated from the following curve fits (Model I). For the five 
species air, coefficients of curve fits are listed in Table 1, with the 
original data being obtained from Candler’s dissertation [19].

[ ]0.1exp ( ln ) lns s s sA T B T Cµ = + +  (1)

By combining the viscosity of each species, the total viscosity 
is calculated as 5

1

s s

s s

y µµ
φ=

=∑  (2)

Heat conductivities of each species corresponding to translation 
temperature and vibration temperature are calculated as

, ,
5( )
2s s vtr s vrot sc cκ µ= +  (3)

Vs s Vcκ µ=  (4)
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Table 1: Curve fit coefficients of 5-species air viscosity.

Species N2 O2 NO N O

As 0.0268142 0.0449290 0.0436378 0.0115572 0.0203144

Bs 0.3177838 -0.0826158 -0.0335511 0.6031679 0.4294404

Cs -11.3155513 -9.2019475 -9.5767430 -12.4327495 -11.6031403

Total heat conductivities are calculated from species heat 
conductivities in a way similar to calculating total viscosity from 
species viscosities, 

5

1

s s

s s

y κκ
φ=

=∑  (5)

5

1

s Vs
V

s s

y κκ
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=∑
 (6)

In equations (2) to (6),
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The diffusion coefficient is determined by assuming a constant 
Lewis number,

e
s

p

LD
c

κ
ρ

= (Neutral heavy species, eL  = 1.4) (7)

To investigate the effect of Lewis number, extra simulations 
based on a constant Lewis number of 0.25 is also considered.

A more complex model of transport coefficients is then applied 
(Model II) [20]. According to this model, transport coefficients are 
calculated as follows,
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To calculate viscosity and heat conductivity, from equation (8) 
to equation (11), the collision terms are as follows,

1
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Collision integrals involving neutrals (Non-Columbic collision 
integrals) are

2(ln ) ln( , )( ) A T B T Cl j T DTsrπ  + + Ω =  (
0

2A ) (12)

Species diffusion coefficients are defined as,

                               
( )
(1 )s

s
r sr

r s
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y D

≠

−
=
∑

 (13)

where ys is the molar fraction. For binary diffusion between 
heavy particles, 

(1) ( )sr
sr

kTD
p T

=
∆  (14)

Result and Discussion

The effect of transport coefficient modeling on hypersonic non-
equilibrium flow simulations are considered for two- and three-
dimensional experiments. The flow conditions and mesh structures 
are listed below. For the two published experiments ([21,22]), free-
stream velocities are on the same order of magnitude. Therefore, 
specific total enthalpy of the flow is mainly determined by pressure 
and density. Higher pressure and lower density lead to a higher 
specific total enthalpy. Figure 1 indicates that specific total enthalpy 
of hypersonic flows increases from Lobb’s experiment to Hornung’s 
experiment. Later, the two experiments are referred to as low 
enthalpy case and moderate enthalpy case.

Figure 1:  Flow conditions and mesh structures of 
the two cases of simulations.
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Air flow over a sphere

In this case, the flow over a sphere corresponding to Lobb’s 
experiment [21] is tested. The same flow has been numerically 
studied by Candler et al. [19]. Numerical simulation results are 
compared with Lobb’s experimental measurement.

Figure 2 shows that shock standoff distance obtained from the 
current numerical simulation has a very good agreement with the 
experimental measurement of Lobb, which also indicates that the 
non-equilibrium models are accurately implemented to the high-
order shock-fitting method. Figure 3 compares pressure contours 
for three cases of simulations (Mode I with Lewis number being 
0.25 and 1.4 and Mode II). It shows that pressure contour does not 
change significantly for different models of transport coefficients. 
The edge of pressure field again shows that shock standoff distance 
does not change significantly for different models of transport 
coefficients.
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Figure 2: Comparison with Lobb’s experiment: 
shock standoff distance.
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Figure 3: Comparison of pressure contours for 
three cases of simulation.

Figure 4 shows temperature contours of the simulation based 
on Mode II of transport coefficients. The dramatic difference 
between translation temperature and vibration temperature shows 
non-equilibrium phenomenon in the flow field. However, for this 
low enthalpy case, the temperatures are not that high.

Figure 5 shows a comparison of shock standoff distance and 
the pressure difference contour between the simulations using 
different transport coefficients. Although the difference in shock 
standoff distance is minor, Figure 5a shows that the increase of 
Lewis number leads to a decrease of shock standoff distance. 
However, the usage of Mode II of transport coefficients leads to a 
slight larger shock standoff distance. Figure 5b shows the pressure 
difference between simulations (Model I with Lewis number 
being 0.25 and Model II) is up to 3.34%. The result indicates that 
for pressure sensitive problems such as hypersonic boundary-
layer stability and transition, where the disturbances are general 
about the magnitude 10-5 of the mean flow, one definitely needs to 
consider the effects of transport coefficient models.
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Figure 4: Temperature contours of the simulation based on Mode II.
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Nitrogen flow over 1-inch radius cylinder

In this case, the nitrogen flow over a cylinder corresponding to 
Hornung’s experiment [22] is tested. This flow has a moderate total 
enthalpy. The shock standoff distance of numerical simulation has 
been verified in a previous paper [23]. Figure 6 compares pressure 
contours for three cases of simulations (Mode I with Lewis number 

being 0.25 and 1.4 and Mode II). It shows that pressure contour and 
shock standoff distance do not change significantly for different 
models of transport coefficients for the moderate enthalpy case. 
Figure 7 shows temperature contours of the simulation based on 
Mode II of transport coefficients. Non-equilibrium phenomenon in 
the flow field is also shown. However, for this moderate enthalpy 
case, the temperatures are still not that high.
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Figure 8 shows a comparison of shock standoff distance and 
the pressure difference contour between the simulations using 
different transport coefficients. Figure 8a again shows that the 
increase of Lewis number leads to a decrease of shock standoff 
distance. However, the usage of Mode II of transport coefficients 
leads to an even smaller shock standoff distance. Figure 8b shows 

the pressure difference between simulations (Model I with Lewis 
number being 1.4 and Model II) is up to about 1.0%. The result also 
indicates that for pressure sensitive problems such as hypersonic 
boundary-layer stability and transition, where the disturbances are 
general about the magnitude 10-5 of the mean flow, one needs to 
consider the effects of transport coefficient models.
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Figure 8: Comparison of shock standoff distance and pressure difference contour.

Summary

In this paper, the effect of transport coefficient modeling on 
hypersonic non-equilibrium flow simulations is considered using 
the high-order shock-fitting non-equilibrium flow solver. The code 
is implemented based on a two-temperature model. In the computer 
code, the 5-species chemistry set of air is implemented. The effect 
of transport coefficient modeling on hypersonic non-equilibrium 
flow simulations are considered for two- and three-dimensional 
problems. The results consistently show that an increase of Lewis 
number leads to a decrease of shock standoff distance. For low and 
moderate enthalpy cases, different models of transport coefficient 
lead to minor change in shock standoff distance and flow field. 
Nevertheless, the pressure difference indicates that for pressure 
sensitive problems such as hypersonic boundary-layer stability 
and transition, one still needs to consider the effects of transport 
coefficient models.
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