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Abstract

The aim of this paper is to obtain the traveling wave solutions for the Drinfeld-Sokolov-Wilson system 
by He’s semi-inverse variational principle which includes the solitary and periodic wave solutions by a 
suitable choice for the parameters. We analysis these solutions physically by some gores to complement 
this study. Finally, this method can be used successfully for solving integrable and nonintegrable equations.
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Introduction

Nonlinear partial differential equations (NLPDEs) is used to describe many important 
phenomena in mathematical physics, mechanics, chemistry, biology, etc. Such as Cortège de 
Vries equation, Burgers equation, Schrodinger equation, Bossiness equation and so on. So, 
the discovery of the exact solutions of nonlinear partial differential equations is of the most 
important priorities. Many effective methods are used to construct traveling wave solutions 
of NLPDEs, among of these methods, Adomian decomposition method [1], the homotropy 
perturbation method [2], the variational iteration method [3, 4], the He’s variational approach 
[5], the extended homoclinic test approach [6, 7], homogeneous balance method [8-11], Jacobi 
elliptic function method [12-15], Baclund transformation [16, 17], G0=G expansion method 
[18] . He’s semi-inverse variational principle is used to obtain the traveling wave solutions for 
Dronfield-Sokolov-Wilson system which include the solitary and periodic wave solutions by a 
suitable choice for the parameters.

It is important to point out that a new constrained variational principle for heat conduction 
is obtained recently via the semi-inverse method combined with separation of variables[19], 
which is an exactly the same with He-Lee’s variational principle[20] a short remark on the 
history of the semi-inverse method for establishment of a generalized variational principle is 
given in [21]. In soliton theory, we aim to search for the solitary wave solutions for NLPDEs 
using various methods [22]. In particular, we used in this paper the variational principle, which 
enables us to and the Lagrangian for the Drinfeld-Sokolov-Wilson system, which related to the 
conservation laws which plays an important role in solution process [23,24] and provides 
physical insight into the nature of the solution of this problem as shown by gures. Also, this 
method helps in establishing connections between the physics and mathematics and much 
more active than the Noether’s theorem [25, 26].

The key idea in this paper is to use the He’s semi-inverse variational principle to and out 
several exact solutions for Drinfeld-Sokolov-Wilson system. Conclusions is given in the last of 
this paper.

Methodology

Suppose we are given a nonlinear partial differential equations (NLPDEs) in the following 
form

N (u; u ; u ; u ; ::::) =0;t x xt
       (1)

where x and t are the independent variables.

This method can be summarizing as follows
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A. By using the wave solutions 

                     ( ) ( ) 0u x; t = U  ,  = x ct + ,                      (2),

we can transform Eq. (1)

into an ordinary differential equation (ODE)
( )N U; cU ; U ; cU ; :::  = 0

B. Integrating Eq. (2) and setting the integration constants 
equal to zero for simplicity. 

C. Construct the Lagrangian in the following form according 
to the He’s semi-inverse method,

                            
1

0
I 

Z

Ld=                                                 (3)

 where L is a Lagrangian for the Eq. (2)

D. By a Ritz method [27], one can obtain a different forms of 
solitary wave solutions, such as 

( ) ( ) ( ) ( ) ( ) ( )U  = Asech B ; U   = Acsch B ; U   = A tanh B ; ss

and so on. In this paper, we concentrate to obtain a solitary 
wave solution in the form

                    ( ) ( )U = Asech B                           (4)

where A and B are constants to be determined.

Substituting Eq. (4) into Eq. (3) and making I stationary with 
respect to A and B results in

                        
@I =0
@A                                              (5)

                       
@I =0
@B                                                (6)

We can obtain A and B by solving Eqs. (5) and (6). Therefore, we 
can construct the solitary wave solution for Eq. (4)

Soliton solutions to Drinfeld-Sokolov-Wilson system

We aim in this section to obtain the soliton solutions for the 
Drinfeld-Sokolov-Wilson system

t xu  2vu+ = 0;

     t xxx x xv av + 3bu v + 3kuv = 0;               (7)

where a; b and k are constants [28].

By using the transformation

       ( ) ( ) ( ) ( );    ; ;     ;u x t U v x t V= =             (8)

where = x ct + 0, c; 0 are constants.

Substituting Eq. (8) into Eq. (7), we and that

              

00 2   0;

000 0 00  3   3   0;

V VcU

aV bU V kU VcV

=

+ + =                         (9)

where the prime denotes to the derivative with respect to the 
variable a, b, c and k are constants. Integrating Eqs. (9), we obtain 
the relation between the variables V (), U () as follows

                                      
1 2() ()U v
c

=                                                  (10)

Substituting V () in Eqs. (9), we obtain after integration and 
setting the constant of integration zero for simplicity

                          
200 3 0

k b
aV cV V

c
+

+ =                                     (11)

According to [29], by He’s semi-inverse variational principle 
[3], we can obtain the following variational formulation

                     0 02 2 4

1ack+2bI = Z
2V -2V +4cV d  

                        (12)

According to the Ritz-like method, we search a solitary wave 
solution in the form 

                                 ( ) ( )V   = Asech B                                   (13) 
Substituting Eq. (13) into Eq. (12), we have   

   

         
( )2 2 23   2   

6
( ( ) ) :A c aB c A b k

I
Bc
+ +

=
                  (14)

To and the constants A and B, we solve the following equations

 

            

( )( ( )2 2 23   2 )@ 2   
0

3@
A c aB c A b

c
I k
A B

+ +
=

=

        

        

( )2 2 2

2

( ( )3   2   
0

6
)@

@
A c aB c A b k

c
I
B B=

+ +
=

              
(15)

From Eqn. (15), we get

                                  
2
rA

r

=
     

c
B i

a
=                                            (16)

Therefore, the solitary wave solutions for Drinfeld-Sokolov-
Wilson system constructed as follows

( ; ) sech
2

rr i
v X t

c
=

  

                         
2( ; ) sech ( 0)))

21

rr i
U X t C xct

c
= +                   (17)

For a suitable choice for a parameter in Eq. (17), Figure 1 
& 2 describes the shape of solitons for waves u (x; t) and v (x; t) 
respectively (Figure 1)

Figure 1: The soliton solution of Eq. (17).
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Figure 2:  The soliton solution of Eq. (17).

For another constant A and B in Eq. (16) (Figure 2)

We search another soliton solution in the form [30]

                            ( ) ( )2      :V F sech G=                                 (18)

where F and G are constants to be determined. Substituting Eq. 
(18) into Eq. (12), we obtain

           
( )( ( )2 2 27 4   5   12 2   

105
)F c aG c F b k

I
cG
+ +

=         (19)

To and the constants F and G, we solve the following equations 
(19)

     

          

( )2 3 256   48 2@    70
10

0;
@ 5

acF G F b k c
cG

I
F

+
= =

+

                
(20)

         
( )( )2 2 2 2

2

F 28acG 12 2 35@I = 0
@G 105

F b k c
cG

+ +
=                     (21)

From Eqn. (20), we get

                       3 ;
2(2 )35 5

S r
F G

C b k i c
= =

+
                                (22)

For a suitable choice for a parameter in Eq. (22), Figure 3 
& 4 describes the shape of solitons for waves u (x; t), and v (x; t) 
respectively for another constant F and G in Eq. (21)

Figure 3:  The soliton solution of Eq. (22).

Figure 4:  The soliton solution of Eq. (22).

Physical Discussions

In this section, we discusses the physical explanation of the 
solutions obtained for the Drinfeld-Sokolov-Wilson system (7), 
namely (17), (22) which are soliton pattern solutions caused by 

the delicate balance between nonlinearity effect V3 and dispersion 
effect V1000 which have an infinite tails and keep their form and 
velocity after an entire interaction with others solitons. We display 
the time evolution of these solutions by some gores to describe 
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the dynamical properties in 3D graphs in Figure 1-4 are the forth 
solutions (22).

We note the wave speed c acts a critical role in a physical 
structure of the solutions for Drinfeld-Sokolov-Wilson system. The 
3D graphs in Figure 1-4 show the shape of propagation of soliton 
solutions (17) and (22) for the Drinfeld-Sokolov-Wilson system (7).

Result and Discussion

He’s semi-inverse variational principle was used to obtain 
the traveling wave solutions for Drinfeld-Sokolov-Wilson system 
including new type of solitary wave solutions. He’s variational 
principle is a very dominant instrument to and the soliton solutions 
for various nonlinear equations in mathematical physics and may be 
important for the explanation of some practical physical problems. 
This method is a powerful mathematical tool for solving other 
nonlinear evolution equations arising in mathematical physics. 
This method makes the underlying idea clear and not darkened by 
the unnecessarily by complicated form of mathematical expression. 
Also, we can combine the well-known method such as Jacobi elliptic 
function method and exp-function method with He’s semi-inverse 
variational method, but they need a mathematical software, and 
this method is extreme simplicity and concise results for a wide 
range of NLPDEs compared with the Noether’s theorem.
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