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Introduction
Granular flow is essential to many industrial and mineral processes. Its importance 

cuts across industries such as food, pharmaceutical, mining, and even geological flows such 
as landslides, avalanches, tsunamis, and volcanoes. The flow of granular matter is generally 
defined as discrete particles (usually cohesionless) that interact via energy-dissipating 
contacts with each other [1]. The simulation of granular flow using DEM is a well-established 
method successfully applied to various industrial problems. For example, DEM has been 
applied in mineral processing to study unit operations in the comminution circuit. This 
ranges from crushers and AG/SAG mills [2-5] at the coarse end of comminution to ball mills 
and stirred media mills at the fine end, and classification units such as vibrating screens 
and hydro-cyclones [6-9]. This work applies DEM to granular flow on an inclined vibrating 
screen. From a rheological perspective, size separation by a vibrating screen can be modelled 
by first studying granular behaviour on the screen. As established in previous work [10], the 
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Abstract

Screening is the practice of separating granular materials into multiple-size fractions using an aperture 
for selection and is employed in most mineral processing plants. Currently, the design and scale-up of 
screens rely on rules of thumb and empirical methods. In previous publications, we outlined details of a 
mathematical model of screening developed using Discrete Element Methods (DEM). Our investigation 
was based on the need for fundamental research into granular dynamics in mineral processing, particularly 
on an inclined vibrating screen that goes beyond the current state of the art in screen modelling. We 
established that granular flow on vibrating screens exhibits complex phenomena such as segregation, 
percolation, and flow of oversize material over the separating medium. This work demonstrates a unique 
granular rheology for particles moving on a vibrating screen. DEM provided critical data (velocity, volume 
concentration, shear rate, bed depth) for developing, testing, and calibrating the granular flow models. 
First, a binary mixture of glass beads flowing on an inclined vibrating screen was simulated, and the 
subsequent continuum analysis of the flowing layer revealed a coexistence of three flow regimes- (i) 
quasi-static, (ii) dense (liquid-like), and (iii) inertial. The regimes are consistent with the measured solids 
concentrations spanning these regimes on inclined vibrating screens. The quasi-static regime is dominated 
by frictional stress and corresponds to a low inertial number (I). Beyond the quasi-static regime, the 
frictional stress chains break, and the collisional-kinetic and turbulent stresses begin to dominate. The 
appropriate constitutive shear stresses were then used to derive a new rheology that captures all phases 
of the flow transition points observed in the simulation. The model presents a fundamental understanding 
of the mechanisms governing the transport of granular matter on an inclined vibrating screen.
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traditional treatment of granular flow is to separate it into three 
different regimes. These regimes are a dense quasi-static regime 
in which the deformations are very slow, and the particles interact 
by frictional contacts [11]; a gaseous regime in which the flow is 
very rapid and dilute, and the particles interact by collision [12]; 
and an intermediate liquid regime in which the material is dense 
but still flows like a liquid with the particles interacting both by 
collision and friction [13]. Further to this, in a previous study, 
by Ogunmodimu [14], a mechanistic model that captured these 
regimes on an inclined vibrating screen was established. This paper 
further discusses these flow regimes and how the model developed 
in Ogunmodimu [14] and Ogunmodimu et al. [10] response to the 
screening operations.

Granular Flow on an Inclined Vibrating Screen
Several approaches have been employed to model screening 

efficiency [15-18], especially size separation by a vibrating screen. 
These models are essentially developed to improve the throughput 
of industrial screens. Accurate predictions of size separation in 
mineral processing operations directly affect mineral recovery 
and cost. No complete theoretical description has been made for 
granular flow on an inclined vibrating screen. However, in Midi 
[13] work, dimensional analysis was employed to show that the 
relevant parameters that affect the flow are: pressure P, the shear 

rate γ  , the particle size d, and the bulk density  pρ φρ=  where φ    
is the solids concentration and is the material density. Emerging 
from applying the Buckingham-Pi theorem, these parameters are 
divided into two pi-groups known as Buckingham-Pi groups. For 
rigid frictional spheres flowing down an inclined plane, the two 
groups are expressed as follows:

1 P

τ
π µ= ≡

  (1)

Where μ is the frictional parameter that relates the shear stress 
τ to the normal stress P acting on the flow
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Where I is the inertial number [11,13,19,20]. From numerical 

and empirical data, da Cruz et al. [21] and Pouliquen [22] 
established μ is a function of the inertial number I, i.e., μ=μ(I). This 
was later generalised for local flows operated at moderate inertial 
numbers (0.01 to 0.5) by Jop et al. [19] to:
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Where I0=0.279 is a fitted constant, and μmax and μmin bound 
steady flow. Given that π1=f(π2) and ρ=ϕρp, to ensure mathematical 
consistency, ϕ must be a function of the inertial number, i.e., ϕ=ϕ(I). 
With this prescription, we are in the paradigm of homogeneous 
states whereby for a specified inertial number, the solids 
concentration (ϕ) and shear stress (τ=μP)-or scaled shear stress 
((|τ|)/P=μ) - adjust in response to I. In vibrating screens, the flow 
is not consistent, as different flow patterns are observed across the 
screen. According to a previous study by Ogunmodimu et al. [10], 
there are three distinct flow patterns - quasi-static, collisional, and 
turbulent - each with its own characteristic stresses. These patterns 
were identified using the μ(I) model, which was expanded to account 
for the dominant stresses in each flow regime. To delve deeper into 
this topic, we used Tunuguntla et al. [23] coarse-graining approach 
to analyse a non-uniform flow of bi-disperse spherical glass beads 
in a vibrating screen system. This involved classifying two-size 
fractions as two components of the particle flow.

Dem Analysis 

To simulate a screening process, the key boundary is a woven 
mesh which provides apertures for undersize particles to fall 
through. Additional screening parameters, such as mechanical 
vibration and screen inclination, are also employed. A 3-D DEM 
model was set up to simulate granular flow on an inclined vibrating 
screen. The screen geometry was designed using Computer-Aided 
Design (CAD) in solid-works software and imported into the 
commercial package EDEM, developed by DEM Solutions. EDEM is 
based on the Cundall & Strack [24] algorithm and the appropriate 
contact model DEM-Solutions [25]. Simulations were conducted 
to model the separation of a mixture of dry, spherical glass beads 
consisting of an equal volume of two differently sized particles. 
The modelling conditions employed in the simulations are listed in 
Table 1.

Table 1: Dem input parameters [10]. 

Material Properties Poisson’s Ratio Shear Modulus Density

Particles 0.3 23MPa 2678kg/m3

Screen 0.29 79.92GPa 7861kg/m3

Collision Properties Coefficient of restitution Coefficient of static friction Coefficient of rolling friction

Particle-Particle 0.1 0.545 0.01

Particle-Screen 0.2 0.5 0.01

Particle Diameter 3mm and 5mm Particles generate rate 7000 particle/s

Variable Test Value

Screen Aperture (mm) 3.5

The Angle of Declination (deg) 25

Vibration Amplitude (mm) 1.0, 1.5, 2.0, 2.5
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Vibration Frequency (Hz) 4, 6, 8, 10, 12

Screen Vibration Sinusoidal translation

Particle Size (mm) Binary size distribution (50% by volume of oversize and undersize) for each type of screen

The model used for the DEM simulation is based on Hertz’s 
theory and Mindlin’s no-slip improved model in the normal 
and shear directions, respectively. The amount of time between 
successive iterations (time step) in the simulation was carefully 
chosen to avoid incorrect calculation of particle contact forces and 
interactions. To ensure stability in the system, the time step was set 
to at least half of the critical time step. According to DEM-Solutions 
[25], the critical time step (the Rayleigh time) is when a shear wave 
propagates through a solid particle. The time step employed in this 
work was 1.83×10−6s [25]. The flow was analysed at an accumulated 
average time interval of 0.5s. The snapshots of the flow at this 
time interval are described in detail in [10]. Data processing was 
done by extracting continuum fields from the discrete particle 
data. The coarse-graining approach described by Tunuguntla et 
al. [23,26,27] were employed for this analysis. Data exported from 
DEM simulation are velocities and positions of individual particles 
at different time steps, and the post-analysis of data was done in 
MATLAB.

Flow regimes observed along the screen 
The variation of the solids’ concentration across the flow depth, 

as observed from the simulation from the base case values where 
the frequency and the amplitude of vibration were 4Hz and 1mm, 
respectively, was discussed in Ogunmodimu [10]. In the quasi-
static region, the solids concentration increases to the maximum 
of 0.58, i.e. (∅max=0.58), the solids concentration drops slightly, and 
the bulk of the flow behaves like a viscous liquid. Here, particles 
interact by collision and friction. Beyond this point, the stress chain 
binding particles together are fast-breaking, and particles behave 
more like gas. Away from this regime, frictional interaction does not 
exist, as particles in this region only interact by collisional or kinetic 
stresses. After this section, the flow became highly fluidized, the 
solids concentration dropped significantly, and the stress chains 
broke. Occasionally, some particles are observed in this regime 
bouncing off the screen. This region is chaotic; hence, it is referred 
to as a turbulent regime in this work. Despite the constant energy 
supply to the screen, its granular flow is not homogenous. Some 
particles cluster together and are reluctant to move. The motion 
in this phase, where particles are reluctant to move, is quasi-static, 

and frictional contacts dominate it. The other regimes are active 
and respond moderately or violently to the vibration of the screen. 
A moderate flow is observed in the bulk of the flow. However, a 
third regime exists where particles move violently, incredibly close 
to the screen’s surface at high vibrational intensity. These regimes 
occur concurrently along the screen simultaneously but in different 
locations. This observation is the first step towards developing a 
phenomenological screening model that does not depend on the 
boundary conditions of a particular machine design.

Solids concentration across the depth of flow
When particles are subjected to continuous energy input 

through vibrational intensity and inclination angle, they gain 
enough energy to increase their chances of percolating through 
the screen aperture. However, if the energy input is not regulated, 
it could result in a high solids concentration in the flow, which 
could impede screening efficiency. For example, a high solid 
concentration could decrease the chance of particle throughput as 
many particles may not make it to the screen surface within the 
time of travel. On the other hand, if the solids concentration is too 
low, the particles could move very fast and bounce off the screen 
surface, particularly when the vibrational intensity is high. Figure 1 
illustrates the solids concentration profile across the granular bed 
of flow, while the zoom-in image in Figure 1b highlights the various 
solids concentration patterns observed on the screen at a steady 
flow. The solid concentration profiles are based on the frequency 
and amplitude of vibration, which were constant at 4Hz and 1mm, 
respectively. Points A, B, C, D, and E in Figure 1 depict different 
transitions observed in the flow. The region below point A is highly 
fluidized due to the amplitude and intensity of the vibration of the 
screen, resulting in a low solids concentration. The volume fraction 
increases slightly from the screening surface to point A. The area 
between points A and B corresponds to a static or plug-flow regime 
where the material and screen surface velocities are the same. In 
the quasi-static region, the solids concentration appears to increase 
slightly and then decreases when transforming from points C to D. 
The maximum solids concentration within the quasi-static region 
(∅=∅max) corresponds to Jop et al. [15]’s observations for inclined 
plane geometry.

Figure 1(a): Variation of solids concentration ∅ across the bed of flow on a vibrating. (b) shows the zoomed-in image 
of Figure 1(a). Point A-E is the bulk of the flow where different regime is observed.
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Model Formulation and Testing
The variation of the effective friction coefficient against 

the inertial number is analysed to assess whether the flow is 
homogenous. This analysis would help identify the dominant 
stress in each regime observed on the screen and the transition 
from one regime to the other. The uneven distribution of the 
solid’s concentration of the flow along the screen establishes that 
granular flow on screens is heterogeneous. As the inertial number 
I, increases, the flow evolves from a dense to a kinetic and turbulent 
regime. The increase in the inertial number leads to an increase in 
inter-particle collisions. The transition from a liquid-like to a gas-
like regime is due to kinetic stress in the flow. Lee & Huang [28] 
developed a kinetic stress model to show this transition. Figure 
2 shows Lee & Huang [28]’s model. The first turning point in the 
model is the hysteresis at flow initiation, while the second is the 
transition from liquid-like to gas-like flow.

Further study was warranted due to the discontinuity at the 
transition to the inertial flow regime (second turning point), as 
recognized by the researchers. Lee & Huang [28] distinguished 
between static and kinetic stress component regimes. The sum 
of these stress components equates to the total stress, while the 
corresponding normal stress (pressure) was also decomposed 
accordingly. In our study, we identified a third regime from the 
nature of the flow observed on the screen, which we named the 
turbulent regime. Equations 4-6 illustrate the stress components 
and the effective friction coefficient μ(I). To capture all flow regimes 
observed during screening and address the shortcomings of Lee & 
Huang [28] and Jop et al. [19], we included the turbulent regime in 
our stress and confining pressure decomposition as an extension of 
Lee & Huang [28] stress decomposition. Therefore, the total stress 

in our work is decomposed as follows:

 T S k tTotal stress τ τ τ τ= + +
 (4)

 : T S K tConfining pressure P P P P= + +  (5)

where τs, τk and τt are the quasi-static shear stress in the dense 
regime, the kinetic collisional shear stress, and the turbulent shear 
stress, respectively, and Ps, Pk and Pt are the corresponding confining 
pressures. The effective friction coefficient in this approach is 
expressed as the ratio of the total shear stress to the total normal 
stress (Pressure):

  ( )T TP Iτ µ=  (6)

Taking the ratio of the total shear stress τT and total pressure pT 

gives a new effective friction coefficient μ(I) for the granular flow 
on the vibrating screen flow described by equation 7. Details of the 
development of the model in equation 7, including the constitutive 
equations, were presented in our previous work [10].

  
( ) ( )

2 3 2 3
2 2 2 2 2 21 1

1 3i w t t
h

I I I k I I k I
w

φ φ
µ µ µ λ φ λ φ

φ φ

− −
= + − − + +

       
                  (7)

In order to extend the work of Lee & Huang [28] shown in 
Figure 2 to include the turbulent regime and accurately capture all 
observed regimes and transitions from one to another, we tested 
the response of the model in equation 7. By utilizing the parameters 
listed in Table 2 and equation 7, we generated Figure 3 which 
effectively displays the variation of the effective friction coefficient 
with inertial number. These parameters were obtained from DEM 
simulation results.

Figure 2: Variation of the effective friction coefficient with inertial number. The lines are model predictions for three 
effective restitution coefficients, while the open circles correspond to the data from MiDi [13]. Adapted by the author 

Lee & Huang [28].

Table 2: An example of parameters extracted from DEM simulations required to solve equation 7

Parameter Values Description

l 20d Mixing length

d 0.004 Average particle diameter

h 0.025 Average bed depth
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w 0.480 Length of the screen

1µ tan 20.9 Critical angle of a steady flow

2µ tan 32.8 Limiting angle of a steady flow

wµ 0.7 Sidewall friction coefficient

Figure 3: A plot of the variation of effective friction coefficient with inertial number using the base case of 1mm 
amplitude and 4Hz Frequency [10].

The model in Figure 3 depicts the transition from a quasi-static 
phase to a dense flow and turbulent regime. The inset displays the 
hysteresis effect and the shift to a dense-like regime. The transition 
point’s I value is 0.018, indicating that the quasi-static regime 
happens at I≤0.018. The dense-like regime transitions to a turbulent 
or gas-like regime at I=0.5. This implies that the dense flow regime 
happens at 0.018<I<0.5. Beyond the dense-flow regime, the inertial 
regime occurs, which Lee & Huang [28] suggested as a limitation 
that warrants further study. The inertial flow is a frictionless flow 
which has no external force to keep the particles within the desired 
limit. This is why we name this regime a turbulent regime.

Testing the model’s response to energy input variation
The screening application in this work is limited to the bulk 

behavior of particles on an inclined vibrating screen. The transition 
from one regime to another in the case of an inclined vibrating 
screen is controlled by the inclination of the screen (θ) and the 
dimensionless acceleration Γ of the bed.

 

2a

g

ω
Γ =

 (8)

where a is the amplitude of vibration, ω is the angular frequency, 
and g the acceleration due to gravity, 

 2 fω π=

Where f is the frequency of vibration. The vibration of the 
screen is sinusoidal in the form: 

( ) ( )siny t a wt=
  (9)

When subjected to adequate mechanical agitation or shear 
stress, granular media can yield and flow. In inclined vibrating 
screens, both the inclination angle and mechanical agitation 
contribute to the granular flow down the screen surface. However, 
the impact of mechanical agitation on the bulk of flow and the 
transition of flow regimes was not considered in our previous study 
by Ogunmodimu et al. [10]. In this study, we aim to investigate 
how vibrational intensity affects the flow regimes observed on 
the screen. It is worth noting that the intensity of vibration plays 
a crucial role in screening as the energy input from sinusoidal 
vibration is unevenly distributed, resulting in various flow regimes. 
Therefore, it is essential to quantify the effect of energy input on 
the bulk of flow to determine when particles have enough energy 
to pass through the screen aperture efficiently. The inertial number 
and energy intensity of vibration can determine the appropriate 
flow regime for efficient screening. Additionally, shear-induced 
agitation is naturally observed due to the inclination of the screen, 
and the angle of inclination is carefully selected to prevent a drastic 
reduction in the granules’ residence time on the screen. If the 
mechanical agitation during screening is too high, particles will 
bounce off the screen, particularly in the turbulent regime where 
I>0.5.

Energy input and dissipation
The energy supply to the flowing granules through screen 

vibration is constant. However, due to the high rate of energy 
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dissipation in the system, energy distribution is not even. Instead, 
energy at the base is transmitted directly through the particles, 
affecting flow depth. Though a high-impact wave travels through 
the flow, energy dissipation is significant. Granules gain sufficient 
energy to reposition themselves and increase their chances of 
passing through the aperture. Vibration also induces particle 
movement through the screen, influencing throughput. Their 
behavior is primarily influenced by vibration, which is governed by 
dimensionless parameters for acceleration Γ, energy input Ω, and 
dissipative parameter Λ:

 

2 2a

gd

ω
Ω =

 (10)

  ( )1iN eΛ = −  (11)

where Ni is the number of particle layers, and e is the normal 
coefficient of restitution.

Analysis of different flow regimes
This study suggests that energy dissipation caused by particle-

particle collisions is responsible for the different flow regimes 
observed during simulation, including quasi-static, collisional, 
and turbulent regimes. These regimes and their transitions were 
reported by Ogunmodimu et al. [10], based on a steady flow 
base case with f=4Hz and a=1mm, which was used to determine 
parameters for the model depicted in Figure 3. To better understand 
the impact of each constituent regime on screening, the analysis of 
flow was conducted separately for three constituent stresses and 

effective frictional regimes. The analysis evaluated normal and 
shear stress across the flow depth, revealing that all three regimes 
coexist within the flow and highlighting the extent to which each 
regime dominates within the charge.

The quasi-static regime: In the quasi-static regime, frictional 
force plays a dominant role as the particles are in close proximity 
and their velocities are insignificant. There could be various 
factors contributing to this phenomenon, such as uneven energy 
distribution in the system due to high energy dissipation in the 
flow, resulting in particle interlocking. Additionally, some particles 
get stuck inside the aperture of the screening surface, while the 
roughness of the surface caused by the screening aperture opposes 
the flow of particles (wall friction). Intuitively, one would expect 
particles flowing on a vibrating surface to possess enough kinetic 
energy induced by the vibration of the screen. Still, sometimes 
they bounce into each other, and the frictional force between 
colliding particles tends to retard their free flow. This regime 
across the depth of flow is depicted in Figure 4, using the stress 
analysis within the quasistatic regime. We observed that the 
quasi-static regime dominates the region between scaled depths 
0-0.5. Beyond this depth, a transition to a dilute regime began to 
occur as the quasi-static regime decreases towards the surface 
i.e., τs, ps→0. The frictional force chain began to brake close to the 
surface and the particles began to gain more kinetic energy and 
the solid concentration began to decrease. This further alludes to 
the observation from the graph of solids concentration in Figure 1 
that shows the solids concentration decreases towards the surface, 
implying a rapid flow. 

Figure 4: Variation of the static pressure and stress with the scaled depth of flow.

A collisional regime gradually sets in as particles gain enough 
energy to break the stress chain. At depth 1.7, the stresses intersect, 
confirming that a portion of the particle flow can occasionally 

become stationary. At this point, the static stress is equal to the 
normal stress. However, as the depth increases towards the surface, 
static stress and static pressure reduce to zero at depths 2.7 and 3.7, 
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respectively. The static shear stress is higher before the intersection 
because the tendency of particles to move toward the flowing 
direction is increased. However, the static pressure extends beyond 
the static stress because particles on the screen will experience 
gravitational force with a component acting in the direction of 
the bed depth. The quasi-static regime gradually transitions into a 
collisional regime. The hysteresis effect and the transition from the 
quasi-static regime occur at I≤0.018.

The kinetic regime: The Kinetic regime of the flow considers 
particle fluctuation energy induced by the mechanical excitation 
of the screen. In this regime, particles’ static stress is broken 
as particles gain enough energy for a random motion. For the 
kinetic regime in this work, the analysis was performed in terms 
of collisional shear stress and collisional pressure. Figure 5 shows 
the variation of collisional pressure and shear stress with a scaled 
depth of particle flow along the screen. This is an important regime 
in screening as particles gain enough energy for random motion 
that would increase their chances of throughput. At this sampling 
point, both the collisional shear stress and pressure increase 

sharply from the scaled depth of 0.0-1.0. The maximum value for 
τc is 0.33 and for pc is 0.46. These values are within the quasi-static 
regime which is the dominant regime within this depth of flow, 
despite the sharp increase in the collisional shear stress τc and the 
collisional normal stress pc, τs>τc, and ps>pc within this depth (0≤h/
d≤1.0) which is still acceptable for this regime. A drop was observed 
in τc, from scaled depth 0.68 to 2.7. Similarly, a drop was noted in pc 
from depth 1.1 to the surface at depth 4.6. The drop in both τc and 
pc is due to the coexistence of both the static effect, resulting from 
enduring contact, and the kinetic effect, comprising both collision 
and inertial effects, in this region. The kinetic regime observed can 
be described as the dense, liquid-like regime where frictional and 
collisional effects are active. At the depth where τs⟶0 (h/d=2.7), 
τc begins to rise towards the surface (Figure 5). The increase in the 
kinetic stress is because the particles move rapidly towards the 
surface, and contacts are by collisional effects. However, despite the 
coexistence of the static and the kinetic effects, the kinetic regime is 
dominated by collisional-kinetic stress. This regime was shown as 
the region corresponding to 0.018<I<0.5 in Figure 3.

Figure 5: Variation of collisional pressure and stress with the scaled depth.

The turbulent regime: The turbulence in the bedload 
transport is vital to our study in that we identified a turbulence 
regime as the third regime that Lee & Huang [28] referred to in 
their work as requiring further study. This regime also has some 
impact on screening where turbulence affects the angle at which a 
particle approaches the separating aperture and at high vibrational 
intensity particles could bounce off the screening area. The 

turbulent regime is characterized by particles’ chaotic interactions, 
which lead to the bouncing of some particles off the screen surface. 
The turbulent stress and pressure were used in the analysis to study 
the turbulence in the system just as in the previous two regimes viz 
static and collisional. Figure 6 shows the turbulence, shear stress 
and pressure variation with the scaled depth. It can be seen that both 
the turbulent stress, τt, and the turbulent pressure pt, are increasing 
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with the normalized depth of the flow where between the depth 
0≤h/d≤1, some degree of turbulence was noticed, (τt,pt≈0.1), even 
though negligible. As discussed in sections 4.3.1 and 4.3.2, τs and ps 
dominate the depth 0≤h/d≤1, and the turbulence level within this 
region is expected to be approximately zero (≈0). Beyond depth 
h/d=1, a sharp increase is noted in τt towards the surface of the 
flow while pt increases as well, although τt>>pt. The turbulent shear 
stress is more pronounced compared to the turbulent normal stress 
because the chaotic movement of the particles at this regime tends 
to overpower the normal stress that should have kept the particles 
within the kinetic regime. While some degree of turbulence is seen 
within the flow, the turbulence around the surface is significant. 
The normal turbulent stress (turbulent pressure) is expected to 
decrease towards the surface in a free surface flow because the 
turbulent shear stress τt is mainly responsible for the chaotic flow 
at the surface. The turbulent pressure (pt) towards the surface 
depends on the gravitational force as the normal stress. Within the 

bulk of the flow, pt is developed by interactions with particles in 
the normal direction. However, there is no confinement towards the 
surface since the system geometry is an open surface. Although the 
values of the turbulent pressure are low compared to the turbulent 
shear stress towards the surface, they are essential to determining 
the effective frictional co-efficient and the corresponding inertial 
value for the turbulent regime. The turbulent shear stress τt 
dominance at the surface is due to the bumpy flow experienced by 
some particles due to the agitation from the vibration of the screen. 
From Figure 6, both the turbulent shear stress and turbulent 
pressure can be expressed mathematically as an exponential 
function of the form τt,

 
expt t t

h
p a b

d
=

  
    

where at and bt are constants, whose values depend on the level 
of turbulence in the flow.

Figure 6: Variation of turbulent stress and pressure with the scaled depth.

Rheological model
In screening, the objective of vibration is to adjust the position of 

particles to optimize their chances of passing through the screening 
aperture. However, too much vibration can lead to turbulent flow. 
At high vibration intensity, the system is dominated by kinetic and 
turbulent effects, resulting in particles bouncing off the screen, 
which can negatively impact screening efficiency. To prevent 
this, the frequency of vibration should be maintained at a level 

that significantly reduces turbulence. By analyzing the effective 
friction coefficient, it is possible to determine the flow regime and 
the impact of different screening parameters on the flow. Figures 
7a & 7b demonstrate that the model is responsive to changes in 
vibration intensity, with amplitude having a greater impact than 
frequency. At low vibration intensity, the quasistatic regime and the 
transition to the kinetic regime can be easily observed, but at higher 
vibrational intensities, this regime gradually disappears.
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Figure 7: A plot of the variation of effective friction coefficient with an inertial number at (a) a fixed amplitude of 
1mm and different frequencies (b) a fixed frequency of 4Hz and different amplitudes.

The effects of the frequency of vibration on the flow are seen in 
the variation of the inertial number at transitions to different flow 
regimes are shown in Table 3. Here we highlight how the quasi-
static regime gradually reduces to zero in response to the increase 
in the frequencies of vibration. The effects of the amplitude of 
vibration on the flow are seen in the variation of the inertial 
number at transitions to different flow regimes are shown in Table 

4. Here we also observed the reduction of the quasi-static regime 
to zero in response to the increase in the amplitude of vibration. 
This observation confirms that the vibrational intensity plays 
an important role in breaking the static stress in the quasi-static 
regime and ensures a transition to a kinetic regime where the 
chances of particle throughput is higher

Table 3: Inertial values for regimes transitions as frequency increases. 

Frequency (Hz)
Values of I at the Transition from a Quasi-

Static Regime to a Dense Liquid-like Regime
Values of I at the Transition from a Dense 
Liquid-like Regime to a Turbulent Regime

4 0.018 0.490

6 0.012 0.494

8 0.009 0.498

10 0.004 0.498

12 0 0.510

Table 4: Inertial values for regimes transition as amplitude increases. 

Amplitude (mm) Values of I at the Transition From a Quasi-
Static Regime to a Dense Liquid-like Regime

Values of I at the Transition from a Dense 
Liquid-like Regime to a Turbulent Regime

1.0 0.018 0.490

1.5 0.013 0.493

2.0 0.001 0.502

2.5 0 0.508

Conclusion
A mechanistic model for granular flow on an inclined vibrating 

screen was tested in this work. DEM was employed to perform 
simulations for studying the granular flow of a mixture of 3mm and 
5mm glass beads on an inclined vibrating screen. The aperture size 
and the inclination angle were fixed at 3.5mm and 25°, respectively. 
The frequency and the amplitude of vibration were fixed at 4Hz 
and 1mm, respectively, for the base case used to develop the model. 
Subsequently, the intensity of vibration (comprising the frequency 
and amplitude) was varied to see the effects on the dynamics of the 
flow. A micro-macro transition method in the form of the coarse-
graining method of Tunuguntla [23] was employed in this work. 

It was applied to calibrate and validate continuum models from 
discrete data obtained from DEM simulations. The information 
extracted from discrete particle simulations was used to confirm 
the assumptions and provide the required closure rules for a 
rheological model that characterizes the granular flow on an inclined 
vibrating screen. While microscopic properties were employed 
for the simulation, the properties extracted from the simulation 
are macroscopic fields that are consistent with the continuum 
equations of mass, momentum, and energy balance. A constitutive 
stress model of granular flow, which provides a key mechanism of 
particle flow dynamics on an inclined vibrating screen, was tested. 
The main stresses observed in the flow and the transitions between 
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the flow regimes were successfully captured by this model. Of note 
is the transition beyond the dense-flow and inertial regimes, which 
Lee & Huang [28] suggested warranted further study. In developing 
the model, this work established the dominant stress on the screen 
determines the dominant regime and hence the granular behavior 
on the screen. Further, the dynamics of the granular materials can 
be controlled using the model relating the variation of the effective 
frictional coefficient with the inertial number [29].
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