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Abstract

Two-dimensional mathematical modeling of solid-liquid interface during directional solidification of polycrystalline silicon is established by
analytic method. This mathematical model quantitatively reveals the mathematical principle of the solid-liquid interface and can be used to analyze
the key parameters affecting the interface morphology. The results of modeling indicate that the interface morphology is related to the boundary
temperature distribution of the interface and the heat flux of the crucible sidewall, and the latter is the key factor affecting the interface morphology.
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Introduction

Directional solidification is an important process in the
physical purification of polycrystalline silicon, the solid-liquid
interface morphology in solidification process is directly related to
grain size arrangement, grain length and stress distribution [1,2],
therefore, the study of the solid-liquid (S-L) interface morphology
has important technological value for improving the quality of
purification. At present, the theoretical research of S-L interface
in directional solidification is often simulated by numerical
simulation software [3,4], but the numerical method cannot reveal
the intrinsic relation of the parameters, and the analytic method
is almost ignored [5,6]. The analytic method, as an exact solution,
has an irreplaceable use for the design, process control and

experiment of the directional solidification Equipment. we use the
two-dimensional mathematical model instead of one-dimensional
analysis, it can not only display the interface morphology visually,
but also analyze the key parameters, and provide reference for the
experiment [7].

Make the following instructions for modeling:

A.  The S-L interface occupies only a thin area of the silicon
melt, the vertical axis of the melt is set to y, using the symmetry
of the crucible. The bottom boundary of thin area WxA is set to
x axis, so WxA is the computational area (Figure 1). Because the
area is very thin, the latent heat of solidification released can
fill the entire area.

Figure 1: Computational area.
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B. The melting temperature of silicon (T =1423°) is ot
definite, the discussion of any silicon melt height can represent o 0’_/137 =0 (6]
the whole process of solidification. W/ o, 0
=W-agk=
Modeling and solvin
g g y=0,t,=0
Because the latent heat is released in solidification process, the y=At =t,(x)
system has an internal thermal source, so th(; terrzlperature field o ot [7]
. . . t Pt s 3 3
) s +25 20
satisfies the Poisson Equation, such as Eq. (1) ot = 7 0 [1] o
In Eq. (1), o,
t— Temperature x= 07_’15 =0
s— Thelatent heat ¢
- - x:VV,_,li:() [8]
A—  Thermal conductivity of silicon 2 ox
and boundary conditions: y=0,t;=t,,(x)
x:O,—l?:O [2] y=46=0
X
. VV _,1@ Y The analytic solution of Eq. (1) can be expressed as
5x t(X,y):tl(an’)+t2(xay)+t3(xa)") [9]
y=0,t=t,,(x)
y=At=1,(x) Solve Eq. (3) It is difficult to solve the Poisson Equation directly,
o and it is generally necessary to convert it to Laplace Equation, and
In Eq. (2), make the following transformation:
W—  The wid, It 2
e wide of me u=t(x,y)+y -A-y [10]
q— Heat flux of crucible side wall o
t,(x)— The distribution function of temperature (y =0) ngu Saat;SﬁeS
u u
t,,(x)— The distribution function of temperature (y = A) ¥+$ =0 [11]
In Eq. (2), x = 0 is symmetrical axis of the crucible, due to the and boundary conditions
symmetry of the temperature field, this is Equivalent to a insulation ou
surface (74%:0). x = W/2 is at the edge of the computational area = O’azo [12]
(silicon and crucible contact), there may be heat exchange (heat e VV u_ q
flux q) with the outside world. a2
y=0,u=0
1.  Whenthe g >0, the heat flux is the x axis positive direction, y=Au=0
this means that the computational area is losing heat;
Because u is the function of x and y, let
2. When g <0, the heat flux direction is negative along the x
e : save a0n8 u=X(x)-Y(y) [13]
axis, this means that the computational area is obtaining heat;
Put Eq. (13) into Eq. (11),
3. When g = 0, there is no heat exchange, the computational 2 2
o Y PO |y YD) [14]
area is adiabatic. A dy’
Eg. (1) is a Poisson Equation with non-homogeneous boundary We havz: ,
conditions, and it is difficult to find the analytic solution directly. 1 X gx) __ L daxy (Zy ) [15]
The additive (superposition principle) of the differential Equation X(x)  dx Y(y) dy
can be used to convert the Eq. (1) to the sum of Eq. (3) (containing InEq. (15), sz) dzd))(ch) only contains x coordinate, - 1 @Y only

the inner heat source) and Eq. (5), (7) (two Laplace Equations
which do not contain the internal thermal source), and then solve.
o’t, 9t s
w0 [31

x:O,—ﬂﬁzO
foi

x
ot
— _ 1 _
xfl/’z, l—ax =q

y=0,t,=0
y=At=0

[4]

@_‘_@ = 0
o' oy [5]

Y(y)_ dy?
contains y coordinate. To substitute any x, y to make Eq. (15) correct,

and Eqg. (15) needs to be Equal to a constant. Let the constant = k2
1 de(x): 1 sz(y): 2
X(x) ax’ Y(y) dy
dngx) -EX(x)=0
dx [17]
YD) | 2y (=0

ay*

[16]

When k=0,

{X(x) =A4x+B,

(18]
Y(»)=Cyy+D,
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A, B, C, D,need to be determined. Let

u=X(x)-Y(y)=(4x+B)C,y+ D) [19]
When k=#0,
X (x) = Ash(kx)+ Bch(kx) 20
Y(y) = Csin(ky)+ D cos(ky) [20]

Similarly, 4, B, C, D need to be determined. Let
u=[A-sh(kx)+ B-ch(kx)][C -sin(ky) + D -cos(ky)] [21]

Because trigonometric functions are cyclical, k can be Equal to
a series of specific values k_(n=1,2,3...).

=[A,-sh(k,x)+ B, -ch(k,x)][C, -sin(k,y)+ D, -cos(k,»)] (n=1,2,3,).. [22]
Therefore, the general solution of Eq. (11) is
u=(4x+B))(Cy+D, )+i[AnSh(knx) + B, ch(k,x)][C, sin(k,y)+ D, cos(k, )] [2 3]
According to Eq. (12), we can get
y=0,u=0=>D,=0,D, =0
y:A,u:OjC(,:O,k”:% [24]
2=0 0= 4 =0
ox
Eq. (23) can be transformed into
u= Z[A ch(—x)sm(—y)] A,'=B,-C, [25]
n=1
The second formula (X_W = 77) of Eq. (12) and Eq. (25) are
combined to solve, we have
T ntW, . nr
D[4, sh(E= ) sin(= y)) = 4 (261
- A A2 A A
Let
q
=4 27
VAGY) 7 [27]

Make Eq. (27) Fourier expansion in the interval (0, A) . First of
all, to do the odd extension,

g 0<y<A 28
rm=1° (28]
7 A< y<0
Calculate Fourier coefficients,
=0
" 1 pa nr [29]
=XI7Af(y)siandy=ffA%smfydy ff (—f)smfydy
(n=1,23-)
So
4q
2 -2 (n=1,3,5-)
b”:i[cosnﬂ'—1+cosmf—l]:—q[(—l)"—1]2 Anz 30
Anm Anrx 0 (n=2,4,6--) [ ]
Get the Fourier expansion:
f()= Z(——”sm—y) (n=13,5"-) [31]
n=1
Eq. (31), Eq. (26) and (27) are combined to solve,
4= _LW [32]
Anr) sh(ﬂ—)
2
Put Eq. (32) into Eq. (25), the analytic solution of Eq. (11) is
4A
u=YI- e DSINCEEN] (1 =1,3,5 ) [33]

= Anrx)? sh(— —)

Put Eq. (33) into Eq. (10), the analytic solution of Eq. (3) is

< 4A
NESYEDY Tk

—_— [34]
=l Anr)? sh(——)

( X)Sm(fy)] YAy
(OSXSV%,OSySA,nzl,S,Sm)

Then, solve Eq. (5), similar to Eq. (3), the separation variable
method is also used to solve the problem. The analytic solution of
Eq. (5)is
2| %tAz(x)~cos(k X)dx

0 m

4
hxy)= W; shik A)

cos(k,x)sh(k,y)
[35]
O<x<W/ 0<y<am=234-)

Finally, to solve Eq. (7), Because Eq. (6) and (8) are symmetrical,
the analytic solution of Eq. (7) can be deduced by Eq. (35).

o j:% t,,(x)- cos(k, x)dx

4
H(x.7) _W,; sh(k,A)

cos(k,x)sh(k, (A—y))

0<x<W/ 0<y<am=234.)

PutEq. (34), (35), (36) into Eq. (9), the temperature distribution
expression t(x,y) in computational area can be obtained.

Discussion

Because the S-L interface is a phase-change surface, the
interface is the isothermal surface of 1423 °C. According to Eq. (34-
36), the S-L interface morphology is mainly related to q and t,(x),
but the analytic solution is very complex, there are many variable
parameters, it is difficult to analyze directly. By trial calculation,
we know that the g value has the greatest effect on the result.
and its value change has a decisive influence on the temperature
distribution. Therefore, the heat flux q is the focus of the discussion
object.

It is assumed that the boundary temperature of the

computational area is constant. Eq. (2) can transform to

x= O—AQ—O
0

xaz [37]
x=W, —/‘L—
ox
y:O,t:tAl
y=At=t,,

Solve Eq. (1) on the boundary conditions of Eq. (37). Let
I —lo—ag A’ [38]

R
U=1(x,y)+— P AN 21T gy
(x,») 2/13’ A Y=l

and boundary conditions

u]
‘x:(),l:()
[x

. [

[ W/ q
= ,— =0

‘rx 2tk

[y=0,u=0
O, - -
y=0u=0

[39]

Solve Eq. (38) by the separation variable method.
s A2

-8 4Aq nTo AT S 5 Iy —lo —37
t(x,y)—;[ o )sh(”” W)ch(A Dsin =Ny A iy

(OSxSV%,OSySA,n:l,3,5~-) [40]
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As shown in Eq. (40), the t(x, y) expression is in the form of a  of the heat flux gq. As shown in Figure 2, the computational area
triangular series and can draw its function image using commercial =~ W=xA is properly thickened for looking. The dotted line in Figure 2
mathematical software. Draw images by several different values represents the S-L interface.

g =3500 [W/m?]

g =2000 [W/m?]

_______________________ 5L —_—————————————

q=0[W/m’]

q=-3500 [W/m?]

g =-5000 [W/mf]

Figure 2: The S-L interfaces in different heat flux.
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In Figure 2, when g > 0, the S-L interface shows concave shape,
the degree of curvature increases with the increase of g value,
and the level S-L interface is at g = 0, which is theoretically ideal.
It should be explained that, the interface shape is not simple and
evenly curved by Eq. (40), but in general, the concave, convex trend,
its curvature radius is non-uniform, not a certain circle of arc.

To obtain the vertical growth of large-size grains, the directional
solidification process needs to maintain the S-L interface level,
from the above analysis, the side wall heat exchange (heat flux
q) has a direct impact for interface morphology, so need to do a
good sidewall insulation. However, in fact, there is always a heat
exchange because of heater layout, heat dissipation, material
performance limitations, control errors and other factors. From the
above discussion, the key to determine the level of S-L interface is
to make the interface on the same isothermal surface. such as in
the directional solidification process, focus on the control of the S-L
interface area (WxA), temperature control in other melt areas does
not need to be too stringent, the S-L interface can still maintain a
horizontal shape. This can greatly reduce the difficulty and cost of
temperature control.

Conclusion

The following conclusions can be obtained from the above
mathematical model:

A.
the same isothermal surface, not affected by the temperature
distribution of other melt areas.

The S-L interface level is Equivalent to the interface in

B.
based on the heat exchange of the crucible sidewall, shows the

In the thin area (WxA), the interface morphology is

upper convex, concave and horizontal shape, and the degree of
bending depends on the direction and strength of the heat flux
q.

When there is no heat exchange (q = 0) on the crucible sidewall,
the S-L interface can maintain level when and only when the upper
and lower boundary temperature of the area (WxA) are constants.
This means that it can reduce the temperature control difficulty of
the silicon melt.

References

1. Ratanaphan S, Yoon Y, Rohrer GS (2014) The five-parameter grain
boundary character distribution of polycrystalline silicon. Journal of

Materials Science 49(14): 4938-4945.

Zhu D, Liang M, Huang M, Zhang Z, Huang X (2014) Seed-assisted growth
of high-quality multi-crystalline silicon in directional solidification.
Journal of Crystal Growth 386(2): 52-56.

Shur JW, Kang BK, Moon SJ, So WW, Yoon DH (2011) Growth of multi-
crystalline silicon ingot by improved directional solidification process
based on numerical simulation. Solar Energy Materials and Solar Cells
95(12): 3159-3164.

Lv G, Chen D, Yang X, Ma W, Luo T, et al. (2015) Numerical simulation and
experimental verification of vacuum directional solidification process
for multi crystalline silicon. Vacuum 116(2): 96-103.

Hu Y, Hao H, Liu XT (2013) Temperature field analysis of directional
solidification of multi-crystalline silicon. Materials Science Forum 750:
96-99.

XuM, Zheng L, Zhang H (2014) System design and hot zone optimization
of monocrystalline silicon directional solidification furnace for pv
application. Journal of Crystal Growth 385(1): 28-33.

Yi T, Sun SH, Wei D, Xing QZ, Ming JI (2012) Research of solid-liquid
interface property during directional solidification process for
multicrystalline silicon. Journal of Materials Engineering 2(8): 33-38.

Creative Commons Attribution 4.0
International License

AMMS |

(@Ol
For possible submissions Click Here IO

Aspects in Mining & Mineral Science

Aapects inising &
[ e—

Benefits of Publishing with us
High-level peer review and editorial services
Freely accessible online immediately upon publication
Authors retain the copyright to their work
Licensing it under a Creative Commons license
Visibility through different online platforms

Volume 2 - Issue - 3

How to cite this article: Xuli Z, Long X, Honggiong W c. Mathematical Modeling of Solid-Liquid Interface Morphology in The Process of Polycrystalline
Silicon Directional Solidification. Aspects Min Miner Sci. 2(3). AMMS.000538.2018. DOI: 10.31031/AMMS.2018.02.000538.

266


http://dx.doi.org/10.31031/AMMS.2018.02.000538
https://link.springer.com/article/10.1007/s10853-014-8195-2
https://link.springer.com/article/10.1007/s10853-014-8195-2
https://link.springer.com/article/10.1007/s10853-014-8195-2
https://www.sciencedirect.com/science/article/pii/S002202481300660X
https://www.sciencedirect.com/science/article/pii/S002202481300660X
https://www.sciencedirect.com/science/article/pii/S002202481300660X
https://www.sciencedirect.com/science/article/pii/S0927024811002352
https://www.sciencedirect.com/science/article/pii/S0927024811002352
https://www.sciencedirect.com/science/article/pii/S0927024811002352
https://www.sciencedirect.com/science/article/pii/S0927024811002352
https://www.sciencedirect.com/science/article/abs/pii/S0042207X15001098
https://www.sciencedirect.com/science/article/abs/pii/S0042207X15001098
https://www.sciencedirect.com/science/article/abs/pii/S0042207X15001098
https://www.sciencedirect.com/science/article/pii/S0022024813003412
https://www.sciencedirect.com/science/article/pii/S0022024813003412
https://www.sciencedirect.com/science/article/pii/S0022024813003412
http://jme.biam.ac.cn/EN/Y2012/V0/I8/33
http://jme.biam.ac.cn/EN/Y2012/V0/I8/33
http://jme.biam.ac.cn/EN/Y2012/V0/I8/33
http://crimsonpublishers.com/online-submission.php
http://crimsonpublishers.com/amms/

	Mathematical Modeling of Solid-Liquid Interface Morphology in The Process of Polycrystalline  Silico
	Abstract
	Keywords
	Introduction
	Modeling and solving

	Discussion
	Conclusion
	References
	Figure 1
	Figure 2

