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Introduction
A t-test can be used to compare the means of two groups of parameters. It is used to 

determine whether a process actually has an effect on the sample population of interest, 
or whether two groups are different from one another [1]. The t-test is used to determine 
whether the means of two groups are equal to each other. Of course, the assumption for the 
test is that both groups are sampled from normal distributions with equal variances. The 
classical version of the Central Limit Theorem taught in statistics courses deals with averages 
of identically distributed data. This suffices for the t-test but not for linear regression, where 
the regression coefficients are computed from averages of the outcome multiplied by the 
covariates [2].

In this study the tensile strengths in KN/m of an A4 copy paper sample across the machine 
direction (MD) and across the cross direction (CD), are tested using one-sample T-test, and 
also one-way ANOVA, (Analysis of variance), which has one independent variable [3,4]. 

Materials and Methods
Instruments and materials

The tensile testing machine, Zwick Roell Z2.5 BT1-FR 2.5th D14/2008, S.N. 181435/2008, 
was used for measuring the tensile strength of the A4 copy paper sample. The machine 
extended the paper test pieces of dimensions 15mmx210mm at 20mm/min constant rate 
of elongation and measured the maximum tensile force. The machine had a strength force 
of 2.5KN. The machine was connected with a computer LG. Two clamps for holding the 
paper test pieces of 15mm width were used. The clamps grab the test pieces firmly along a 
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Abstract

An A4 100g/m2 copy paper Multi-paper Fabriano was tested for its tensile strength in both directions MD 
(machine direction) and CD (cross direction). The mean value of the tensile strength MD 4.91KN/m was 
compared to the mean value of the tensile strength CD 3.28ΚΝ/m using one-sample T-test. The means 
of the two properties were found statistically significantly different from zero. The texperimental=81.110 for 
MD tensile strength was greater than ttheoretical=2.262. Also, the texperimental=43.540 for CD tensile strength 
was greater than ttheoretical=2.262, for 95% confidence interval and 9 degrees of freedom. The two 
means of tensile strength MD and CD were found not equal. The one-way ANOVA was also performed 
and compared the amount of variation between groups with the amount of variation within groups. 
The variance of among groups was greater than that of within groups, i.e., 13.350>0.456, and thus the 
null hypothesis was rejected that the means of tensile strength MD and CD were equal. The tests were 
performed at a significant level of p<0.05. Finally, the formula for simple linear regression was calculated 
to be y=0.37562094*x+ 1.432949943, whereas y was the dependent variable, the CD tensile strength and 
x was the independent variable, the MD tensile strength.

Keywords: A4 copy paper; Tensile strength; Machine direction; Cross direction; Compare means; One-
Sample T-test; One-way ANOVA; Least-squares line; Null hypothesis; P-value
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straight line across the full width of the test pieces and adjusted the 
clamping force pneumatically. A guillotine, IDEAL 1043 GS made in 
Germany, was used for cutting the paper test pieces to dimensions 
of 15mmx210mm.

A conditioning chamber that was capable of providing and 
maintaining standard conditions of temperature and humidity, 
where the paper test pieces were pre-conditioned at 23 °C ± 2 °C 
and 30%r.h.±5%r.h. for 24hours and were conditioned at 23 °C 
± 1 °C and 50%r.h.±2%r.h for 16hours. The paper samples were 
conditioned for 16 hours at 23±1 °C temperature and 50%±2% 
relative humidity in accordance with the ISO 187 standard [5] and 
were tested in the same conditioning atmosphere. IBM SPSS data 
analysis software was used throughout this study, as well as the 
Excel spreadsheet.

Results and Discussion
The tensile strength of the 100gsm A4 copy paper sample 

Multipaper Fabriano, was evaluated according to ISO/DIS 1924-
2 [6]. We have evaluated the maximum tensile force for each test 
piece of the group of ten measurements. We then calculated the 
mean maximum tensile force and then the tensile strength from the 
expression:

b
T

FT
b

σ =                  (1)

where b
Tσ  was the tensile strength in KN/m, FT was the mean 

maximum tensile force in N and b was the width of the test piece in 
millimetres, i.e., 15mm (Table 1).

Table 1: Tensile force values in KN/m across the Machine 
Direction (MD) and also across the Counter Machine 
Direction or Cross Direction (CD) of the 100gsm A4 copy 
paper sample Multipaper Fabriano.

Tensile force in KN/m (MD 
Direction)

Tensile force in KN/m (CD 
Direction)

5.09 3.38

4.78 3.40

4.71 3.32

4.92 2.96

4.97 3.39

5.16 3.53

4.94 3.22

4.99 3.15

4.70 3.13

4.86 3.30

Mean Value:4.91±0.9 (KN/m) Mean Value:3.28±0.2 (KN/m)

Standard deviation:0.15252 
(KN/m)

Standard deviation:0.165449 
(KN/m)

Coefficient of 
variation:0.0310631%

Coefficient of 
variation:0.0504417%

Variance:0.02326235% Variance:0.027373371%

Comparison of the means of the two tensile forces across 
the MD direction and the CD direction using one-sample 
T-test

In Figure 1, the sig (2-tailed) was equal to the probability of 
observing a greater absolute value of t under the null hypothesis. In 
SPSS Statistics used, the p-value [7] was less than the pre-specified 
alpha level of 0.05, i.e., 0.000<0.05 and we concluded that the means 
were statistically significantly different from zero. Because the 95% 
confidence interval of the difference did not include one, there 
was the suggestion that they were not equal the means [8]. Also, 
in the second table in Figure 1 the value of t experimental for the 
MD tensile strength was greater than the value of t theoretical, i.e. 
texp.=81.110>ttheor.=2.262, for 95% confidence level and 9 degrees of 
freedom. Also, for the CD tensile strength texp.=43.540>ttheor.=2.262 
for 95% confidence level and 9 degrees of freedom. For both tensile 
MD and tensile CD strengths there was a significant difference 
between the two means, which may have had indicated a systematic 
error [9].

Figure 1: One-Sample T-test was performed for comparison of the means of the tensile forces across the machine 
direction (MD), and the counter machine direction (CD).
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Comparison of means of the two tensile forces across the 
MD direction and the CD direction using One-Way ANOVA

Then, one-way ANOVA was performed to compare if the 
means of the tensile strengths of MD and CD direction were equal 
(Figure 2). The dependent list (Table 2) was the tensile strength 
of both MD and CD and to the Factor box was R (Table 2) which 
was the group of numbers 1 and 2 relating to tensile strength MD 

and CD respectively. This specific test considered here was called 
analysis of variance (ANOVA) and was a test of hypothesis that 
was appropriate to compare means of a continuous variable in the 
two independent comparison groups of tensile MD and CD. ANOVA 
was used to compare differences of means among the two groups 
of tensile strength MD and CD [10]. ANOVA compared the amount 
of variation between groups with the amount of variation within 
groups.

Figure 2: One –way ANOVA for comparing the means of the tensile strength MD and CD, analysis table.

Table 2: Data of the ANOVA, showing the tensile force values in KN/m across the Machine Direction (MD) and also 
across the Counter Machine Direction or Cross Direction (CD) of the 100gsm A4 copy paper sample Multipaper Fabriano. 
This table was used for presenting the dependent parameter in performing one –way ANOVA, and the Factor R.

Tensile force in KN/m (MD Direction) (CD Direction)-Dependent List-tens MDCD Factor R

5.09 1

4.78 1

4.71 1

4.92 1

4.97 1

5.16 1

4.94 1

4.99 1

4.70 1

4.86 1

3.38 2

3.40 2

3.32 2

2.96 2

3.39 2

3.53 2

3.22 2
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3.15 2

3.13 2

3.30 2

The Analysis of Variance (ANOVA) in Figure 2, was a statistical 
procedure in which we draw population inferences about the factor 
(variable) R from our sample using statistics obtained by dividing 
the sample variance SST=SSA+SSE=13.350+0.456=13.806, by the 
variance SSA=13.350 among groups (stations of factor R) into 
which the sample population was divided according to the factor 
R and the dispersion between variance SSE=0.456 within groups, 
stations. Because the MSA (measure of sampling adequancy) 
(between groups), i.e.

13.350MSA 13.350
( 1) (2 1)
SSA
k

= = =
− −    (2)

was an estimate of the sample population variance s^2 due to 
the variability of the station mean values of the factor R, if the mean 
values of the stations considered were not equal among themselves 
then the variation between the corresponding sample mean values 
was expected to be large, and consequently the value of the MSA 
(p<0.05) should be high, as it was actually, i.e. 13.350 (Table two in 
Figure 2) [11]. The MSE (mean square error) (within groups), i.e.

0.456MSA 0.025
( ) (19 1)
SSE
n k

= = =
− −

     (3)

gave an estimate of the sample population variance s^2 that 
was not explained by the variability of the station mean values of 
the factor R. The lower the MSE value, i.e., 0.025 was, the higher was 
the accuracy of our prediction, and thus there was excellent match 
between the actual and the predicted data set. The mean squared 
error (MSE) of predictions was a good metric used for assessing our 
model’s accuracy.

In the first table shown in Figure 2, the 95% confidence interval 
for mean estimated the mean response for each group i.e., 1 which 
was the tensile force MD and 2 which was the tensile force CD. The 
difference in upper bound and lower bound values indicated that 
there was a difference in population means between the two group 
levels. Also, Fexp<Ftheor., i.e. 

exp
0.16545F 1.08477 2.97 F
0.15252 theor= = < =       (4)

so, the standard deviations of the two groups of tensile strength 
did not show any significant difference. Then texp>ttheor. from the first 
table in Figure 2, i.e. 

   (5)

which indicated that there was a significant difference 
between the means of tensile strength MD and tensile strength 
CD. The second table shown in Figure 2 reflected the results of 

the ANOVA analysis which enabled us to determine the difference 
between the two group means. The results reflected a statistically 
significant p-value i.e., p=0.000 (p<0.05) and showed that the 
difference between the two tensile strength groups MD and CD was 
significantly related to the mean of both tensile strengths MD and 
CD. In this table of Figure 2 the p-value associated with the F was 
smaller than 0.05, i.e., p=0.000 and thus the null hypothesis was 
rejected and the alternative hypothesis was supported. Since the 
null hypothesis was rejected, we concluded that the means of the 
two groups of tensile strength across MD and CD were not equal 
[12]. We observed that for the ANOVA p-value (p=0.000<0.05) 
was valid, therefore at a significance level of a=0.05, there were 
statistically significant differences between the tensile strengths of 
MD and CD groups.

ANOVA tested whether the average amount of variation 
between groups was greater than the average amount of variation 
within groups. That was the case in this study where the sum of 
squares between groups in the one-way ANOVA test was found to 
be 13.350 and the sum of squares within groups was found to be 
0.456. In the ANOVA the null hypothesis was rejected, since the 
variance of among groups was greater than that of within groups 
(13.350>0.456). That was also indicated because the F statistic was 
greater than the critical value F. The null hypothesis was rejected 
at a level of significance 0.05/one-sided by significant difference 
between the F statistic and F critical values (Fstatistic>Fcritical). The 
ANOVA table has shown that

1,18
13.350F 245.9 527.289, . .,
0.0253critical statistic

MSAi e F F
MSE

= < < = =    (6)

There was thus a significant effect of tensile strength MD on 
tensile strength CD [13].

The derivation of least-squares line (Table 3)
The line generated by the least-squares method was the one 

that minimized the sum of the squares of the residuals from all of 
the points [14,15]. The quantities Sxx, Syy and Sxy were calculated to 
be:

( x ) 2x 2 0.20936xx
iS i
N

∧∑∧= ∑ − =       (7)

( ) 22 0.24636yy
yiS yi
N

∧∑∧= ∑ − =
      (8)

xyS xiyi 0.07864xi yi
N

∑ ∑
= ∑ = =           (9)

Table 3: Experimental data for the tensile strengths MD and CD of a 100gsm A4 copy paper sample Multipaper Fabriano.

Xi (MD Tensile Force) Yi (CD Tensile Force) Xi^2 Yi^2 Xi*Yi

5.09 3.38 25.9081 11.4244 17.2042

4.78 3.4 22.8484 11.56 16.252

4.71 3.32 22.1841 11.0224 15.6372

4.92 2.96 24.2064 8.7616 14.5632

4.97 3.39 24.7009 11.4921 16.8483
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5.16 3.53 26.6256 12.4609 18.2148

4.94 3.22 24.4036 10.3684 15.9068

4.99 3.15 24.9001 9.9225 15.7185

4.70 3.13 22.09 9.7969 14.711

4.86 3.3 23.6196 10.89 16.038

Σxi=49.12 Σyi=32.78 Σxi^2=241.4868 Σyi^2=107.6992 Σxi*yi=161.094

where xi and yi were individual pairs of data for x and y, N was 
the number of pairs of data used in preparing the calibration curve, 
and x− , and y−  were the average values for the variables x and y. The 
following quantities were derived from the quantities Sxx, Syy, and 
Sxy, [16,17] such as the slope of the line m:

xy

xx

S
m

S
=          (10),

i.e., m=0.37562094,

and the intercept b:

b y m x− −= −      (11)

i.e., b=1.432949943, where x−  was calculated to be 4.912 and y−  
was calculated to be 3.278. Thus, the equation for the least-squares 

line was found to be:

y=0.37562094*x + 1.432949943 (12)

where x was the MD tensile strength, and y was the CD tensile 
strength. 

In Figure 3, there was presented the graph of data, regression 
analysis and R^2, of the tensile force CD in KN/m versus tensile 
force MD in KN/m. The formula for simple linear regression 
was y=0.37562094*x+ 1.432949943 where y was the response 
(dependent) variable (CD tensile strength) and x was the predictor 
(independent) [18] variable (MD tensile strength), m=0.37562094 
was the estimated slope and b=1.432949943 was the estimated 
intercept.

Figure 3: The least squares line for tensile strength MD versus tensile strength CD.

Also, the standard deviation about regression sr [19] was 
calculated to be:

2
2

( )*0.164628813, . .,
2r r

syy m sxxs i e s
N
−

= =
−

         (13),

whereas N=10, 

The standard deviation of the slope sm [20] was calculated to 
be:

2 20.3597982040, . .,m m
srs i e s
sxx

∧
= =        (14),

The standard deviation of the intercept sb [21] was calculated 
to be:

2
2

2

11.768095385, . ., *
( )
( )

b b rs i e s s
xiN
xi

 
 
 = =  

 ∑ −   ∑  

        (15)

It should be emphasized that the least squares method was 
applied in this study with the following two assumptions. First, 
that the measured values of y (CD tensile strength) corresponded 
to the determined values of x (MD tensile strength), error-free, and 
that the error in the values of y, expressed as the variance of y, was 
independent of the magnitude of x [22,23].
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Conclusion
In this study, the null hypothesis was rejected that the means 

of the tensile strengths of MD and CD direction were equal and 
the alternative hypothesis was supported using one way ANOVA. 
The equation for the least squares regression line was calculated 
in Excel. We have performed the tensile strength method and the 
statistical assumption that there were statistically significant 
differences between the two tensile strength means of MD and CD 
although inconvenient could not be neglected. It may have been 
that the sampling distribution may have not followed a normal 
distribution and thus the t-test may have not satisfied the condition 
of normality. The condition of equal variances may have been 
violated also. The conclusion was though that the tensile strength 
in the MD direction had a significant effect on the tensile strength in 
the CD direction, and that the difference between the means of the 
two tensile strength groups MD and CD was significantly related to 
both the tensile strength values of MD and CD.
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