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The Grüneisen parameter γ is of central importance for investing the thermal and elastic 

properties of materials [1,2]. The Grüneisen parameter is a measure of anharmonicity in the 
vibrational properties of a crystal. There are two versions of γ, the vibrational Grüneisen 
parameter γ vibrational and γ thermal [3,4]. The vibrational Grüneisen parameter ,( )vib jγ for 
a particular mode labelled by j is defined as follows [5].
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where jω is the vibrational frequency of the jth mode and ρ represents density. In the 
Debye model, the Debye frequency ωD is used in place of ωj, and we have the following 
relationship from Eq. (1) ln
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where γvib can now be written as γD. 

The thermal or thermodynamic Grüneisen parameter γth is defined as follows [4]
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where P and T denote the pressure and temperature, respectively. Cv is the ratio of the 
constant-volume specific heat to the volume of the material. Roy [6] have performed the 
vibrational spectrum first-principles electronic structure-based calculations using the Density 
Functional Theory (DFT) [7] as implemented in the Quantum Expresso package. These ab 
initio calculations reveal that the Debye frequency has a linear dependence on density to a 
high level of accuracy. We can write

D a bω ρ= +  (4)

where a and b are material - dependent constants. Using Eqs. (2) and (4) we get
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Abstract

Ab initio calculations based on the density functional theory have been used to demonstrate that the 
Debye frequency is a linear function of density to a high accuracy for several solids under high pressures 
(U.C. Roy, S.K. Sarkar, Computational Condensed Matter 27 (2021) e 00552). This result has been used 
in the present study to demonstrate further that the Grüneisen parameter and its high order density 
derivatives satisfy the thermodynamic constraints for solids at high pressures in the limit of extreme 
compression.
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Equation (5) can be rewritten as follows
a
b

ρ ρ
γ
= +  (6)

According to Eq. (6), the ratio of density and gamma depends 
linearly on density. The second order Grüneisen parameter q is 
defined as [1,2]
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Then, Eqs. (5) and (7) yield
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It should be emphasized that at extreme compression, ρ tends 
to infinity, and therefore, q∞ tends to zero, and γ∞ tends to one. 

The third order Grüneisen parameter is defined as [2]
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Eq. (8) gives
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and
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Then we get
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Then Eqs. (5) and (13) prove that

=λ γ  (14)

This is an important result according to which the third 
order Grüneisen parameter is equal to the first order Grüneisen 
parameter. Thus 0 0=λ γ and =λ γ∞ ∞ . Eq. (6) at initial or reference 
values of pressure and temperature gives
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Eqs. (6) and (15) yield
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Which can also be written as follows
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The density ρ tends to infinity in the limit of extreme 
compression, Eq. (18) gives =1γ∞ .

Eq. (18) is useful for determining an analytical formula using 
the Lindemann law [8,9]
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Using Eq. (18) in Eq. (19), and then with respect to density, we 
obtain
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Values of melting temperature at high pressure can be calculated 
with the help of Eq. (20) provided pressures corresponding to 
densities are known using an accurate equation of state such as the 
Stacey reciprocal K-primed equation [10]. 

The results forγ∞ , q∞ and λ∞ obtained in the present study are 
consistent with the thermodynamic constraints for solids in the 
limit of infinite pressure reported by Stacey [2]. According to Stacey 
we have 2 / 3γ∞ > , 0q∞ → , and λ∞ remains positive and finite. It has 
been found by Shanker et al. [11] that λ∞ must be less than 'K∞ , the 
pressure derivative of bulk modulus in the limit of infinite pressure. 
The result 1λ∞ = obtained in the present study is consistent with the 
constraint 'Kλ∞ ∞< because 'K∞

is greater than 5/3 as derived by 
Stacey [2] on the basis of fundamental thermodynamics of solids.
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