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Abstract

Based on the Kumaraswamy distribution, we study the so called Kumaraswamy Extension Exponential Distribution (KEE). The new distribution
has a number of well-known lifetime special sub-models such as a new exponential type distribution, extension exponential distribution Kumaraswamy
generalized exponential distribution, among several others. We derive some mathematical properties of the (KEE) including quan tile function,
moments, moment generating function and mean residual lifetime. In addition, the method of maximum likelihood and least squares and weighted least
squares estimators are discussing for estimating the model parameters. By using the likelihood method a simulation study was made.

Keywords: Kumaraswamy distribution; Extension exponential distribution hazard function; Mean residual lifetime; Maximum likelihood estimation;

Moments

Introduction and Motivation

In many applied sciences such as medicine, engineering
and finance, amongst others, modelling and analyzing lifetime
data are crucial. Several lifetime distributions have been used to
model such kinds of data. For instance, the exponential, Wei bull,
gamma, Rayleigh distributions and their generalizations [1,2].
Each distribution has its own characteristics due specifically to the
shape of the failure rate function which may be only monotonically
decreasing or increasing or constant in its behavior, as well as
non-monotone, being bathtub shaped or even uni-modal. The
Exponential distribution is the most widely applied statistical
distribution in several fields. One of the reasons for its importance
is that the exponential distribution has constant failure rate
function. Additionally, this model was the first lifetime model for
which statistical methods were extensively developed in the lite
testing literature. Here, it is worthwhile to quote Marshall & Olkin
[3]- The most important one parameter family of life distributions
is the family of exponential distributions. This importance is partly
due to the fact that several of the most commonly used families
of life distributions are two or three parameter extensions of the
exponential distributions”. The cumulative function of a random
variable X with exponential distribution is, x>0 where A>0 is the
scale parameter. The probability density function and survival
function of X are g(x)=4e ™, and G(x)=e ", respectively.
Additionally, the moments, the moment generating function and
several other properties of this distribution can be expressed in
terms of elementary functions [3-5].

The cumulative distribution function G(x)= (I—He_l")ﬂ , for
x> —log(0) (with 6>0,A>0 and f>0), was used during the first
halflof the nineteenth century by Gompertz [6] and Verhulst [7-
9] to compare known human mortality tables and to represent
population growth, respectively. Ahuja & Nash [10] also used
this model and some related models for growth curve mortality.
The Exponentiated Exponential (EE) distribution (also known
as the generalized exponential distribution) discussed in Gupta
[1], is defined as a particular case of the Gompertz-Verhulst
distribution function when 6=1, that is, the cumulative distri})ution
function of the EE distribution becomes G (x)=(1-8¢ **| . The
Exponentiated Exponential distribution is also a special case of the
three-parameter exponentiated Wei bull distribution, Mudholkar &
Srivastava [11]. Note that if f=1, then the EE distribution reduces
to the exponential distribution with probability density and failure
rate functions:

gx) =ape 1=

and
ABe (1

1—(1—e~*%)#
Respectively, We notice that the failure rate function of the EE

_ sl

h(x) =

distribution can be increasing (for 3>1) or decreasing (for f<1). If
=1, the failure rate function becomes constant. Pointed out that the
failure rate function of the EE distribution behaves like the failure
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rate function of the gamma distribution, and it can be used as an
alternative distribution to the gamma and Wei bull distributions
in many situations. Additionally, these authors derived several
mathematical properties of this distribution. The EE distribution
has been the subject of some research papers and has received
widespread attention in the last few years. We refer the reader to
Zheng [12], Gupta & Kundu [13-15], Kundu & Gupta [16], Pradhan
& Kundu [17], Abdel-Hamid & Al-Hussaini [18], Aslam et al. [19]
and Nadarajah [20], among many others. Nadarajah & Haghighi
[21] introduced a new extension of the exponential distribution as
an alternative to the gamma, Wei bull and the EE distributions. The
cumulative distribution function of NH distribution is given

Gx) = IREC a0 (1)

where A>0 is the scale parameter and a>0 is the shape
parameter. The corresponding probability density and failure rate
functions are given by

a-1 1-(1+x)a

g(x) =al(l +Ax)" e (2)
and
_ g(x) _ a-1

Note that equation (2) has two parameters just like the gamma,
Wei bull and the EE distributions. Note also that equation (2)
has closed for survival function and hazard rate functions just
like the Wei bull and the EE distributions. For a=1, (2) reduces
to the exponential distribution. As we shall see later, (2) has the
attractive feature of always having the zero mode and yet allowing
for increasing, decreasing and constant hazard rate function [20].
Also Nadarajah & Haghighi [21] presented some motivations for
introducing their new distribution.

The first motivation is based on the relationship between the
probability density function in (2) and its failure rate function. The
NH density function can be monotonically decreasing and yet its
failure rate function can be increasing. The gamma, Wei bull and
EE distributions do not allow for an increasing failure function
when their respective densities are monotonically decreasing. The
second motivation is related with the ability (or the inability) of
the NH distribution to model data that have their mode fixed at
zero. The gamma, Wei bull and EE distributions are not suitable
for situations of this kind. The third motivation is based on the
following mathematical relationship: if Y is a Wei bull random
variable with shape parameter o and scale parameter A, then the
density in Eq. (1.2) is the same as that of the random variable Z=Y-1
truncated at zero; that is, the NH distribution can be interpreted
as a truncated Wei bull distribution. For further details about this
new model as well as general properties, the reader is referred to
Nadarajah & Haghighi [21].

The distribution introduced by Kumaraswamy [22], also
referred to as the “minimax” distribution, is not very common
among statisticians and has been little explored in the literature,
nor its relative inter changeability with the beta distribution has
been widely appreciated. We use the term Kw distribution to

denote the Kumaraswamy distribution. The Kumaraswamy (Kw)
distribution is not very common among statisticians and has been
little explored in the literature. Its Cumulative Distribution Function

(cdf) is given by b
F_ xFI-(1x")
x ,0<x<1, (4)

(a,b)
where a>0 and b>0 are shape parameters. Equation (4)

compares extremely favourably in terms of simplicity with the
beta cdf which is given by the incomplete beta function ratio. The
corresponding Probability Density Function (pdf) is

a-1 a\b-1

Srtony @) = abx" (A=) (5)

The K, pdf has the same basic shape properties of the beta
distribution: a>1 and b>1 (uni-modal); a<1 and b<1(uni-anti
model); a>1andb<1(increasing); a<1andb>1(decreasing);a=1and
b=1(constant). It does not seem to be very familiar to statisticians
and has not been investigated systematically in much detail before,
nor has its relative inter changeability with the beta distribution
been widely appreciated. However, in a very re- cent paper, Jones
[23] explored the background and genesis of this distribution and,
more importantly, made clear some similarities and differences
between the beta and K distributions. However, the beta
distribution has the following advantages over the Kw distribution:
simpler formulae for moments and Moment Generating Function
(mgf), a one-parameter sub-family of symmetric distributions,
simpler moment estimation and more ways of generating the
distribution by means of physical processes.

In this note, we combine the works of Kumaraswamy [22]
to derive some mathematical properties of a new model, called
the K -G distribution, which stems from the following general
construction: if tt denotes the baseline cumulative function of a
random variable, then a generalized class of distributions can be
defined by

a b
F . @) =1-[1-G(x)"] (6)

Where a>0 and b>0 are two additional shape parameters
which aim to govern skewness and tail weight of the generated
distribution. An attractive feature of this distribution is that the
two parameters a and b can afford greater control over the weights
in both tails and in its centre. The K -G distribution can be used
quite effectively even if the data are censored. The corresponding
probability density function (pdf) is

f

X|(a,b)

(x) = abg(x)G()" 1= G(0)'T" )
The density family (7) has many of the same properties of the
class of beta-tt distributions [24], but has some advantages in terms
of tractability, since it does not involve any special function such
as the beta function. Equivalently, as occurs with the beta-G family
of distributions, special Kw-G distributions can be generated as
follows: the K -Wei bull [25]. General results for the Kumaraswamy
distribution [26]. K - Ggeneralized gamma [27], K -G Birnbaum-
Saunders [28] and K & Gumbel [29] distributions are obtained
by taking G(x) to be the cdf of the Wei bull, generalized gamma,
Birnbaum-Saunders and Gumbel distributions, respectively, among
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several others. Hence, each new K -G distribution can be generated
from a specified tt distribution.

A physical interpretation of the K -G distribution given by (6)
and (7) (foraand b positive integers) is as follows. Suppose a system
is made of b independent components and that each component
is made up of a independent subcomponents. Suppose the system
fails if any of the b components fails and that each component fails if
all of the subcomponents fail. Let le’XjZ""'Xja denote the life times of
the subcomponents within the j, component, j=1,..,b with common
(cdf) G. Let X, denote the lifetime of the jth component, j=1,..,b and
let X denote the lifetime of the entire system. Then the (cdf) of X is

given by

P (X<x)=1-P (X;>x, X;>x,...,X,>x)

=1- [P (X1>x)]b 1= fi-Px1<a’

=1-{1-P(X <x,X_<ux, .,X <x}b
1 12 la

= 1-{l-PlX < x]b=1- {11 (x)}b .

So, it follows that the K - G distribution given by (6) and (7) is
precisely the time to failure distribution of the entire system. Now
we propose the Kumaraswamy extension Exponential (denoted
with the prefix KEE).

The rest of the article is organized as follows. In Section 2, we
define the Kumaraswamy extension Exponential distribution, the
expansion for the cumulative and density functions of the KEE
distribution and some special cases. Quantile function, median,
moments, moment generating functions and mean residual lifetime
are discussed in Section 3. Least squares and weighted least squares
estimators introduced in Section 4. Finally, maximum likelihood
estimation is performed in Section 5.

Kumaraswamy Extension Exponential Distribution

In this section we studied the Kumaraswamy Extension
Exponential (KEE) distribution and the sub-models of this
distribution. Now using (1) and (2) in (6) we have the cdf of
Kumaraswamy extension Exponential distribution

b
g Km(a,b.a,»l)(x) - 1-{1_[1_61-(HX) }} (8)
The KEE variate X following (8) is denoted by X~KEE(¢),
®=(a,b,a,A). The corresponding probability density function (pdf)
of (8) is given by

b1
y () = abal(lﬁ—ﬂ.x)a'le]’(lMx)a |:1_el—(l+ﬂx)lzi|a ! {1—[1—&3"(“"‘)"‘}“} 9

KEE|(¢)

The associated survival, hazard rate and reversed hazard rate
functions can be written as

b
_ ) a-(ean)e |
Frpes) (x)f{l [1 e ] }

and

(10)

(11)

a—1
aba&(l+lx)aflelf(l+b)a [17617(1”1.()0,}

{17[17&’( l+ax)a } }

N a—1 b-1
- b {aboc/l(lwlx)"’lc"('”‘)"{l—c]i(]M )a} {1—[]—&’('”“)"] } }
1_{1_[1_(:17(“0)11]”}

Special cases of the KEE distribution

(x) =

h
KEE|(¢)

0=

Tee(y

(12)

The Kumaraswamy extension Exponential (KEE) distribution
is very flexible model that approaches to different distributions
when its parameters are changed. In addition to some standard
distribution the (KEE) distribution includes the following well
known distribution as special models. If X is a random variable with
cdf (8) or pdf (9) then we have the following cases

1.  For b=1, then (8) reduces to A new exponential-type
distribution which is introduced by Lemonte [30].

2. Applying a=b=1, we can obtain the extension Exponential
distribution which is introduced by Nadarajah & Haghighi [21].

3. Kumaraswamy generalized Exponential distribution

arises as a special case of KEE by taking a=1.

4. If oa=1 then (8) gives Kumaraswamy exponential
distribution [25].

5. Forb=a=1 we getthe generalized Exponential distribution
which is introduced by Gupta & Kundu [1].

6. Applying a=b=a=1 we can obtain the exponential
distribution [25].

Expansion for the cumulative and density functions

In this subsection we present some representations of cdf,
pdf of Kumaraswamy extension Ex-ponential distribution. The
mathematical relation given below will be useful in this subsection.

By using the generalized binomial theorem if 8 is a positive and

|z|<1, then
(12" =3 (_1)1(@);

i=0 t

(13)

First, note that 0< e‘*(““)“ <1 for x> 0. Using (13) we get

=Sy (] e

j:

F (x,A,0,0,a,b)=

also using the power series of (13) the equation (9) becomes

f

KE.

- (xabA,0,a)=

a(i+1)-1
(14)

Ms

(_l)i[P-ljabaﬂU*ix)ail el—(1+ﬂ,x)aX(1_el—(l+lx)a )
1

i=0

Again apply (13) in the last term of (15), we obtain

oo (bl a1 .
(x,a,b,a,A)=abadT ¥ (-1)*/| ali+l) (1)~ XU Dl-Ce)e]
,a,b,a, . i

/,

KEE =0 j=0

(15)
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=abaiw (1 + ,1X)‘H e(J'+1)[l—(1+zx)g,]
[

B
B =0 1 J

Statistical Properties

(16)

In this section we studied the statistical properties of the (KEE)
distribution, specifically quan- tile function, moments, incomplete
moment and moment generating function.

Quantile and median

Quantile functions are used in theoretical aspects, statistical
applications and Monte Carlo methods. Monte-Carlo simulations
employ quantile functions to produce simulated random variables
for classical and new continuous distributions. The inverse of the
cdf (3) yields a very simple quantile function, say Q(u), of X is given
by

1

! a

1-log| 1| 1-(1-u)" -1

R

1

x=0(u)= a7)

Asample from the KEE distribution may be obtained by applying
its quantile function to a sample from a uniform distribution.
Further, we can obtain the median, quantiles 25 and 75 by replacing
0.5, 0.25 and 0.75 in equation (17), respectively. The shortcomings
of the classical kurtosis measure are well-known. There are many
heavy-tailed distributions for which this measure is infinite, so it
becomes uninformative precisely when it needs to be. Indeed, our
motivation to use quantile-based measures stemmed from the non-
existence of classical kurtosis for many distributions. The effect
of the shape parameters a and b on the skewness and kurtosis
of the KEE distribution can be based on quantile measures. One
of the earliest skewness measures to be suggested is the Bowley

i)
SHEE

On the other hand , the Moors kurtosis (see Moors (1988))
based on cotiles is given by

. L))
)

where Q(e) represents the quantile function. The measures

skewness, defined by

SK =

SK and KU are less sensitive to outliers and they exist even
for distributions without moments. For symmetric uni-modal
distributions, positive kurtosis indicates heavy tails and peakedness
relative to the normal distribution, whereas negative kurtosis
indicates light tails and flatness. For the normal distribution,
SK=KU=0.

The moments

Many of the interesting characteristics and features of a
distribution can be studied through its moments. In this subsection,
we derive the r'" moments and moment generating function M, (t) of
the KEE(¢) where ¢=(a,b,a,A). Let X be a random variable following
the KEE distribution with parameters a,b,a and A. Expressions for
mathematical expectation, variance and the rth moment on the
origin of X can be obtained using the well-known formula.

a) Lemma 1: If X has KEE(d), then the r'" moment of X,
r=1,2,... has the following form:

il - 1 - NItk (j+1)
p =EX )X (b, lj [a(”,l) 1] {r J ab(-1)™ e
' ij=0\ 1 ] k £+1

AT(j+1)*

r [§+1,(j+l)J

Proof

Let X be a random variable with density function (15). The r*
ordinary moment of the

KEE distribution is given by

ﬂr' = IxerEE(xa¢)dx
0

= abalwl_ jeoﬂ) [x 1+ ﬂx)afle-(iﬂ)(l-*%x) dx
' 0

= abolw, Ae(jﬂ)l(r,j +1)
LJ

Using Lemma 3 in the Appendix, we get,

.2 (b-1)[a@+D)-1)( 1 ) ab(-1)F k0D
u' =X . —
BTN J k L

/Ir(,] + l)a

F(§+1,(j+l))

Which completes the proof

The centralmoments p_and cumulants K of the KEE distribution
can be determined from expression (18) as

s ( rj(-l)m w"

m=0

p -1 ’
k =u X2 ( ]k Y7
r r mel m-1) m r-m

'

’ !
Respectively, where x =4, , w,= 4, —H , K,=p —3u 1 +2p
K
,

- ' ror ” roon 14 fpr
S —ap e -3 e12u 0 —ep etc. Additionally, the
skewnéss and kirtosis can be ¢alculated from the third and fourth

And

standardized cumulants in the forms SK= ky

and KU = o
respectively. ky ky
b) Lemma 2: If X has KEE(¢), then the moment generating
function M, (t) has the following
form
_ 5 go(bn)fat+D-1) (1) abCT (& ; j 19
M, (t)_,-,jzzo,ir![ IJ[ ; j[k] i Tl +.(+) (19)
2+
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Proof

We start with the well known definition of the moment
generating function given by

M, (6) = E(e’x) = [ e fype(x.p)dx
0
o g
Since, Eﬂﬁ converges and each term is integrable for all t
close to 0, then we can rewrite the moment generating function as
M (1) = Z%E(X) by replacing £| X" . Hence using (18) the MGF of
KEE distribution is given by

M ()= g it’[bjlj[a(ifl)-lj[k]
0, T i

which completes the proof.

x"f(x)

i+j+k
& r [£+1,(j+1)j
(24

—+1

ﬂ’(j+1 )a

Similar, the characteristic function of the KEE distribution
becomes ¢, (t) = M,(it)

where i = is the unit imaginary number.
Mean residual lifetime

Given that a component survives up to time t=0, the residual life
is the period beyond t until the time of failure and defined by the
conditional random variable X-t|X>t. In reliability, it is well known
that the mean residual life function and ratio of two consecutive
moments of residual life determine the distribution uniquely [31].
Therefore, we obtain the r"-order moment of the residual life via
the general formula

M= E((X—t)r/X>t) = %T(x—t)rf(x,go)dx

Applying the binomial expansion of (x-t)", substituting (9) and
(10) into the above formula gives

_ ablwf,] (+1) < (T _yem T om a-1_—(j+1)(1+4x)%
M= 0 e > m( 1) "< x"(1+Ax)" e dx

m=0 t

m

abAw, ; () L (r
_ g
- 0§

](—t)"me (tm,j + 1)

m=0

(20)

Using Lemma 4 in the Appendix, we get

ab/lww e(j+1)i m

s [r J(m]WF(Z+1,( j+1)(1+it)“j

t

H A= lE(t)lmH mh s m

m=0 5=0 4 1);H (2 1)

m=0 s=0

where T(si)=]x""e"dx is the upper incomplete gamma
function. !

For lifetime models, itis also of interest to know what E (X’/X>z)
is, Using Lemma 4

in the appendix, it is easily seen that

E(X’/X>t) = Tx'f(x)dx

t

= abaiw, je(]'+1)f < (Hix)aﬂ e—(]+1)(1+ix) dx

t
= abw[’je(_]-%l)K (2,x) (22)
Where
, 1\ -k
K(t,x) = Ly (r J(')r (LL( j+1)(1+/1t)”j
A" k=0 k E 1 a
(+1)o"
The mean residual lifetime function is given by
p(1) = E(X/X > 1)

_ “bwf;(”) [F(;H,( j+1)(1+/1t)“j—1"(1,( 1)1 A1) )} _t

Least Squares and Weighted Least Squares Estimators

In this section we provide the regression based method
estimators of the unknown parameters of the Kumaraswamy
extension exponential distribution, which was originally suggested
by Swain et al. [32] to estimate the parameters of beta distributions.
It can be used some other cases also. Suppose Y,,....,Y, is a random
sample of size n from a distribution function G(.) and suppose Yoy
i=1, 2, ..., n denotes the ordered sample. The proposed method
uses the distribution of G(Ym). For a sample of size n, we have

(o) - v fotr) - 22

And
j(n-k+1)

con{o{i)) (o)) = L,

see Johnson et al. [4]. Using the expectations and the variances,
two variants of the least squares methods can be used.

Method 1

(LeastSquares Estimators) Obtain the estimators by minimizing

(o))

with respect to the unknown parameters. Therefore in case of

(24)

KEE distribution the least squares estimators of a,b,a, and A say ag
s, Gy, A respectively, can be obtained by minimizing

b

27:1 1- 1|:le](]“1"j )a:| S

n+l

with respectto a, b, o, and A.
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Method 2

(Weighted Least Squares Estimators) The weighted least
squares estimators can be obtained by minimizing

2w, ["G(Y(’ ) )_ﬁ)

with respect to the unknown parameters, where

(25)

I @+ 1)’(n+2)

w B B
J@4+1)

»e(n,)
Therefore, in case of KEE distribution the weighted least
squares estimators of a, b, a, and 2, say

a b a 5 . )
wuse , Cwise | Cwise Ay o respectively, can be obtained by
minimizing 2

a
2 WJZ 1- 1{1—&‘(“’“/‘)“} J

el

With respect to the unknown parameters only.

Estimation and Inference

In this section, we derive the maximum likelihood estimates of
the unknown parameters ¢=(a,b,a,A) of KEE distribution based on
a complete sample. Let us assume that we have a simple random
sample X , X,,...X from KEE(a,b,a,A). The likelihood function of this
sample is

L = Hl.:lf(‘x[’('hbaa’l) (26)
Substituting from (9) into (26), we get
Selm)” A4 (27)
L =(abad)" l'l:':1 (1+lx,)a7l e l'l;l:l [l-el"'”l)“] x I'I:':1 {17[]7&7(“@(’)&} }

The log-likelihood function for the vector of parameters
¢=(a,b,a,A) can be written as

logL =n+nloga+nlogh+nloga+nlogi+(a-1)X log(l+1x;)

i=1

~ 3 (1Ax ) +(a-D) T log[l—el’(”"”)a :I+(b—l)i log{l—[l—el’(”“i)a }} (28)

i=1 i=1 i=l

The log-likelihood can be maximized either directly or

by solving the nonlinear likelihood equa- tions obtained by
differentiating (28). The components of the score vector W(¢) are
given by

w (¢):610gL _n

n
Z 4+ log
a Oa a L log

i=1

1781—(“”,) 7(b71)2

- {1[13'(1% ) H

OlogL n I 1—(1+-4x. ) 5
VVb (¢) = ob = b + Elog 1—|:1—e ( x:) (30)
n n o I-(1+4 i ”
7 6)= 25 ) (1) o) § ) el 02
« Oa a - i 17217(1+ﬂx1 )a
o a—1 .
1-et=(1+4x) } (1447 )" log(1+ 4z, e ~(1+4%)
+a(b-1)T 31)
o 1{17&‘(1”% ) }
_OlogL n e x5 -l
W ()= EYR] +(a I)IE () aE} x,(1+4x;)
(e ) | (A ) e
" a1 J=(1+4x;)” . ){1 ¢ e (1+4x;)
(o $ A (32)
) } - {1—{1—61_(”/1)6, ) ”

We can find the estimates of the unknown parameters by
maximum likelihood method by setting these above non-linear
equations (29)-(32) to zero and solve them simultaneously.

Simulation Study

In order to study the behavior of the MLEs, this section
presents the results of a Monte Carlo experiment on finite samples.
For this study we consider seven different set of parameters
for n=50,80,100,150,200,400 and 800 generated according to a
TGL distribution. Note that, generated for each value of the KEE
distribution, we had to solve a nonlinear equation by the Newton
Raphson method. All results were obtained from 1,000 Monte Carlo
replications and fixed A=a=0.5.

Table 1: Estimated parameter values and errors for different values of the a and b parameters and different sample sizes.

Sample Generated Estimated Estimated Error
Size a b A a o A a b o
50 10 1 0.535 15.719 1.601 0.704 0.332 7.525 2.723 0.242
80 10 1 0.585 14.865 1.392 0.672 0.329 6.965 2.47 0.239
100 10 1 0.57 14.246 1.357 0.658 0.333 6.515 2.272 0.233
150 10 1 0.594 13.372 1.093 0.646 0.331 5.62 1.563 0.229
200 10 1 0.592 12.435 1.312 0.629 0.339 5.441 1.893 0.226
400 10 1 0.597 12.005 0.982 0.601 0.327 4.256 0.91 0.198
800 10 1 0.609 11.735 0.959 0.574 0.328 3.302 0.612 0.176
50 8 2 0.535 12.162 3.649 0.696 0.352 7.689 3.931 0.266
80 8 2 0.559 11.463 3.421 0.666 0.355 6.74 3.763 0.271
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100 8 2 0.598 10.987 3.379 0.634 0.345 5.803 3.614 0.269
150 8 2 0.626 10.427 3.272 0.604 0.354 4.884 3.357 0.264
200 8 2 0.628 9.846 2.994 0.594 0.351 3.744 3.087 0.256
400 8 2 0.674 9.091 2.866 0.559 0.346 2.378 2.544 0.237
800 8 2 0.643 8.918 2.253 0.572 0.341 1.93 1.73 0.23
50 5 1 0.607 10.714 1.122 0.757 0.299 5.749 2.5 0.194
80 5 1 0.632 10.327 0.712 0.747 0.27 4.969 1.633 0.18
100 5 1 0.642 9.776 0.739 0.73 0.267 4.543 1.642 0.185
150 5 1 0.66 9.618 0.621 0.721 0.247 4.191 1.201 0.18
200 5 1 0.664 9.845 0.671 0.712 0.232 4.035 1.365 0.177
400 5 1 0.696 9.348 0.638 0.67 0.219 3.906 1.015 0.183
800 5 1 0.699 8.389 0.814 0.622 0.214 3.626 1.042 0.179
50 3 1 0.689 4.917 1.609 0.672 0.327 2.965 3.111 0.232
80 3 1 0.677 4.332 1.799 0.642 0.313 2.279 3.182 0.228
100 3 1 0.656 4.061 1.852 0.621 0.306 1.831 3.182 0.231
150 3 1 0.629 3.721 2.188 0.579 0.297 1.363 3.408 0.229
200 3 1 0.629 3.647 2.21 0.577 0.285 1.163 3.481 0.22
400 3 1 0.599 3.372 2.273 0.529 0.251 0.813 3.292 0.207
800 3 1 0.591 3.313 2.251 0.512 0.212 0.665 3.162 0.181

Table 2: Coverage Probability and MSE of a and b parameters and different sample sizes.

Sample Generated Coverage Probability (95%) Mean Square Error
Size a b A a b a A a b o
50 10 1 0.927 0.771 0.911 0.792 0.333 40.233 3.083 0.283
80 10 1 0.985 0.812 0.923 0.842 0.336 30.63 2.624 0.269
100 10 1 0.965 0.856 0.933 0.856 0.338 24.543 2.4 0.259
150 10 1 0.846 0.901 0.958 0.874 0.34 16.987 1.571 0.251
200 10 1 0.874 0.907 0.939 0.883 0.347 11.371 1.99 0.242
400 10 1 0.927 0.906 0.95 0.89 0.336 8.276 0.911 0.208
800 10 1 0.959 0.922 0.958 0.915 0.34 6.311 0.614 0.181
50 8 2 0.904 0.816 0.766 0.891 0.353 25.009 6.65 0.305
80 8 2 0.912 0.856 0.805 0.948 0.358 18.736 5.783 0.298
100 8 2 0.928 0.886 0.812 0.953 0.355 14.728 5.517 0.287
150 8 2 0.92 0.898 0.852 0.945 0.37 10.772 4974 0.275
200 8 2 0.944 0.918 0.874 0.967 0.367 7.153 4.075 0.265
400 8 2 0.986 0.948 0.9 0.877 0.376 3.569 3.293 0.241
800 8 2 0.987 0.95 0.964 0.87 0.362 2.773 1.794 0.235
50 5 1 0.951 0.891 0.926 0.712 0.311 38.402 2.514 0.26
80 5 1 0.947 0.734 0.964 0.747 0.288 33.35 1.716 0.242
100 5 1 0.934 0.722 0.953 0.782 0.287 27.349 1.71 0.238
150 5 1 0.873 0.71 0.974 0.805 0.273 25.519 1.344 0.229
200 5 1 0.818 0.652 0.959 0.831 0.259 27.513 1.473 0.222
400 5 1 0.873 0.686 0.981 0.925 0.257 22.808 1.146 0.212
800 5 1 0.798 0.781 0.962 0.962 0.253 15.11 1.076 0.194
50 3 1 0.81 0.89 0.883 0.896 0.363 6.64 3.481 0.262
80 3 1 0.805 0.908 0.877 0.931 0.344 4.053 3.821 0.249
100 3 1 0.806 0.936 0.875 0.943 0.33 2.957 3.908 0.245
150 3 1 0.843 0.93 0.856 0.971 0.314 1.883 4.818 0.235
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200 3 1 0.835 0.916 0.849 0.975 0.302 1.581 4.946 0.226
400 3 1 0.848 0.931 0.86 0.894 0.261 0.951 4.913 0.208
800 3 1 0.879 0.928 0.867 0.929 0.22 0.763 4.728 0.181

The results are summarized in two tables. Table 1 shows the
generated and estimated parameter values and their respectively
errors over the 1, 000 MLEs, which are observed to decay as the
sample size increases. Table 2 shows the coverage probability of a
95% two sided confidence intervals for the model parameters and
the mean square errors, which are observed to decay as the sample
size increases as the estimated errors.

Conclusion

In this paper we propose a new distribution based on the
Kumaraswamy distribution Jones [23], the Kumaraswamy Extension
Exponential Distribution (KEE). The proposed distribution is very
flexible model that approaches to different distributions when
its parameters are changed such as: a new exponential-type
distribution which is introduced by Lemonte [30] the extension
Exponential distribution which is introduced by Lemonte [30],
Kumaraswamy generalized Exponential and Kumaraswamy
exponential distribution [25] generalized Exponential introduced
by Gupta & Kundu [1] and exponential distribution [25]. Some
mathematical properties along with order statistics and estimation
issues are addressed and a simulation study was made.
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