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Abstract

The planar problem of convection in a porous rectangle saturated with a heat-conducting nanofluid is 
considered.  Based on the Darcy-Boussinesq equations, taking into account the Soret effect and assuming 
the anisotropy of a fluid and a medium, an   instability analysis of quiescent state is studied. The 
conditions under which the problem is being cosymmetric one are established and explicit formulas for 
the critical Rayleigh numbers are derived. The finite difference methods are developed with preservation 
of cosymmetry property.
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Introduction

To simulate the motion of liquids and gases in porous media, the Darcy – Boussinesq model 
is usually used, on the basis of which important results were obtained on the instability of 
mechanical equilibrium and the formation of convective modes [1].  In [2] for the problem of 
heating a layer of a porous medium saturated with a heat-conducting fluid, a nontrivial effect 
of a branch of a family of stationary convective regimes from a state of rest was discovered. 
This phenomenon has been explained in [3] based on the theory of cosymmetric dynamical 
systems for which the occurrence of continuous families of stationary states with a variable 
stability spectrum along the family is possible. The goal of this work is the development of 
methods for modeling the convection of nanofluids, taking into accounts the anisotropy of the 
properties of the problem, as well as the use of cosymmetry of the corresponding system of 
equations for obtaining analytical results and developing computational schemes.

Equations of Convection of Nanofluid in a Porous Medium

The problem of the emergence of gravitational convection of a heat-conducting fluid 
with nanoparticles in a rectangular region is considered D=[0,a]×[0,b], filled with a porous 
medium and heated from the bottom. At the boundary, no-flow conditions and a linear height 
distribution of temperature and concentration of nanoparticles are specified. For stream 
function ψ(x,y,t), temperature deviations θ(x,y,t) and concentration c(x,y,t)). From the given 
linear profiles, a system of three equations is written in dimensionless variables:
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Here, the dot denotes time differentiation t, 2 2

x y
∆ = ∂ + ∂  ---  laplacian, ij

µ --- reverse 
permeability coefficients, Tλ --- Rayleigh temperature number and Cλ --- Rayleigh 
concentration number. Thermal conductivity operator TL  in the case of anisotropy, it is given 
by a formula with coefficients CTdij

;

11 12 21 22LT T T T T
x y x yx y

d d d d   = ∂ ∂ + ∂ + ∂ ∂ + ∂      
(4)

Operators and are obtained from (4) replacing T
ijd to C

ijd  and T
ij
Cd  respectively. The 

boundary conditions can be written as,

( ) ( ) ( ) ( )x,0, 0, , a, , x,b, 0t y t y t tψ ψ ψ ψ= = = = (5)

( ) ( ) ( ) ( ),0, 0,y, a,y, ,b, 0x t t t x tθ θ θ θ= = = = (6)
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( ) ( ) ( ) ( ),0, 0,y, a,y, ,b, 0c x t c t c t c x t= = = = (7)

Cosymmetry

In [4] it is shown that the problem of convection of a heat-
conducting fluid in a porous medium, taking into account the 
anisotropy of the properties of the medium, is cosymmetric. For 
the system (1)-(7) the conditions for the existence of a linear in 
variables cosymmetry problem are established.

Lemma.  Vector function
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will be the cosymmetry of the system (1)-(7) under the 
following conditions for the task parameters
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The proof consists in directly verifying the orthogonality of 
the cosymmetry and the vector field of the problem (1)-(3). Next, 
we consider the case of orthotropic nanofluids and media, i.e. 

0T C CT

ij ij ij
d d dijµ = = = = , i j≠ , , 1, 2i j = . Then from (9) the 

following two conditions remain
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The spectral problem of the stability of mechanical equilibrium 
is σ (-- decrement) 
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Under the conditions of cosymmetry and for the case of 
monotonic instability 0σ = from (12)-(15) derives a relation 
relating the critical Rayleigh numbers Tλ  and Cλ :
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crit crit

d d d d d
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µ µλ λ π
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. (16)

This formula, obtained for the problem parameters satisfying 
the conditions of cosymmetry, allows one to determine the 
subregions of parameters for which the critical values of the 
temperature and concentration Rayleigh numbers are explicitly.

Numerical Results

In the general case of the anisotropic properties of nanofluid 
and porous media, the analysis of the instability of mechanical 
equilibrium usually requires a computational experiment.  
Similarly [4] a numerical scheme of the finite-difference method 
is constructed, preserving the cosymmetry of the problem. 

The coordinates  x  and  y are introduced into the grid. 
i

X ih= , 
0,1, ..., 1i n= + , / ( 1)h a n= + , j

y jg= , 0,1, ...., 1j m= + , / ( 1)g b m= + . 
The unknowns are the values of the current function, temperature, 
and the concentration of nanoparticles in the internal nodes. Due 
to boundary conditions 0j j j

i i i
cψ θ= = =  for 0, 1i n= +  or 0, 1j m= + . The 

following vectors are introduced 1 1

1 2
( , , ..., )m

n
ψ ψ ψΨ = ,  1 1

1 2
È ( , , ..., )m

n
θ θ θ= ,

1 1

1 2
C ( , , ..., )m

n
c c c= . System (12)-(14) matches the grid problem

1
0 AØ È B BC= + +  (17)

11 0.1CTd =   (18)

3 4
C CØ È CA B Aσ λ= − +  (19)

where the matrix 1
A  meets the discrete version of the operator

0
M , matrices

2
A , 

3
A  and  4

A  are approximations of operators ,T CL L
and CTL respectively, the matrix  gives a difference analogue of the 
derivative with respect to x.  For the case of monotone instability, 
confirmatory calculations were performed, which determined the 
grid parameters to ensure sufficient accuracy in calculating the 
loss of stability of mechanical equilibrium. On the plane of the 
temperature and concentration Rayleigh numbers, neutral curves 
were constructed for various combinations of control parameters 
and the areas of monotonic and oscillatory instability were 
calculated. The dependence on the thermal diffusion parameters 
of the concentration Rayleigh number is established, at which the 
vibrational instability precedes the monotonic one. The derived 
conditions on the parameters that ensure the cosymmetry of the 
problem, and explicit formulas for the critical Rayleigh numbers 
can be used to estimate the occurrence of convection of a nanofluid 
saturating the anisotropic porous medium in a general situation. 
In Table 1 Presents the results of calculating the critical numbers 
in case of violation of the conditions of cosymmetry and their 
comparison with the values of the parameters that satisfy the 
conditions (11).

Table 1: The critical values of the temperature Rayleigh 

number at various Cλ  and 22

CTd
.

Cλ 22

CTd Exact (16)

5 0.1 73.6482 -

0.13 75.2704 73.5849

0.16 76.9339 -

-10 0.1 110.3366 -

0.13 112.7704 111.0849

0.16 115.261 -

The calculations were carried out at fixed values of the 
parameters: 11

1.3µ = , 22
1µ = , 11

1Td = , 22
1.3Td = , 11 22

0.5, 0.65C Cd d= = , 11
0.1CTd =  and for 

the grid 24 12× . For 5Cλ =  mechanical equilibrium loses stability as a 
result of monotonic instability, and for 10Cλ = − SS-- due to oscillatory 
instability. The obtained values are quite close to the calculations 
by the formula (16), evaluating the critical number  in the case of 
monotone instability [5].
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