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Tornado-Like Vortices Above the Surface of a Liquid

Introduction
Characteristics of the turbulent flow of moist air in the 
funnel of tornado-like vortices 

At present, it is obvious that the problem of the tornado-
like vortex is important not only for our planet to determine the 
conditions for the formation of a tornado-like vortex, it is required to 
take into account a number of hydrodynamic and plasma processes 
[1-6]. Along to prediction of a tornado-like vortex generation 
conditions [7-12] it is necessary to evaluate the characteristics 
of its quasi-stationary motion in a formed funnel: the mass of the 
moving moist air involved in the funnel and the size and form of 
the funnel. For a complete description of the phenomena, it is 
necessary to involve numerical calculations. We note that even for 
numerical calculations using powerful computers, the problem is 
very difficult because of the need to calculate multiphase turbulent 
flows with free, self-organizing boundaries [1,6]. However, “strict” 
numerical calculations, it is impossible to do without the use 
of many, often mutually exclusive, models. For example, how to 
choose an adequate model of turbulence (algebraic, k-ε model, 
etc.) or the use of additional, often not accepted, hypotheses about 
certain processes used in calculations (mechanisms on the nature 
of moisture condensation, etc.). Therefore, along with numerical 
calculations of such flows, modeling problems that allow an exact 
solution and allow to determine the most important and observed 
characteristics of a tornado-like vortex.

In the literature, two commonly observed forms of the tornado-
like vortex funnel are described: vague and dense. These forms, 
in turn, are divided into several types: snake-like, funnel-shaped,  

 
etc. Although in the course of its existence the tornado-like vortex 
can change the shape of the funnel, often, before it disappears, 
the tornado-like vortex funnel thins, becomes snake-like and then 
spreads out completely. In this paper, the stage of the formation 
of the funnel is not discussed, but the already existing form of 
the tornado-like vortex is considered (for example, tornado-like 
vortexes, in which the funnel widens toward the cloud, leaving into 
it, and narrows to the ground). Some data on the factors that affect 
the generation of tornado-like vortexes can be found in [1-5]. The 
problem of turning a vortex in a humid atmosphere in a tornado-
like vortex capable of producing serious disruption on the path of 
its movement requires a separate analysis. An adequate analysis 
of the formation of a tornado-like vortex should show how, due 
to the development of instability, a funnel will form. In this paper, 
we do not consider the stage of tornado-like vortex formation, but 
investigate the mechanisms determining the shape of the formed 
tornado-like vortex funnel.

It was assumed in [7] that a vortex flow of a two-phase (dry air 
and a water vapors) media takes place in tornado-like vortex funnels. 
Funnel walls, according to the model [7], consist of hailstones, water 
droplets resulting from surface condensation of air moisture on wall 
surface. To describe the processes in the formed tornado-like vortex 
funnel, stationary Navier-Stokes equations, written in a cylindrical 
coordinate system for 0, ( ), ( , ), ( , ), ( , ), ( , ) 1, 1r zr r z P r z T r z r zV V Vϕ ε ξ ε ε= < <<

0, ( ), ( , ), ( , ), ( , ), ( , ) 1, 1r zr r z P r z T r z r zV V Vϕ ε ξ ε ε= < <<  using the small dimensionless parameter 
1, ( , ) 1T

h
lr r z
l z

rε ξ ε= << <≈ . Here òrlr ≈ , hlz ≈ are characteristic 
dimensions of the system in radius and height directions, 
respectively. 
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Abstract

The shape of the funnel of a tornado-like vortex formed in a humid atmosphere above the water surface (lakes, seas, oceans) is discussed. An 
equation that describes the funnel shape of the tornado-like vortices is derived. We have modified the obtained funnel profiles and their dependence on 
the flow rate using the modified data of humidity changes with altitude in the free atmosphere. It was showed that the shape of the funnel depends on 
the turbulent air viscosity, the turbulent moisture diffusion coefficient, and the flow rate is obtained. 

A vortex extended upward from the surface at least as far as cloud base (with that cloud base associated with deep moist convection), that is intense 
enough at the surface to do damage at one or more points along its path, should be considered a tornado.

Doswell C.D.III What is a tornado?
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Using the presence of a small parameter, we can find solutions 
for all dependent variables in the next form ( , )f z rε . For this 
form of solution, the following hierarchy of derivatives holds for all 
dependent variables:

/f f
z r

ε∂ ∂ ≈
∂ ∂

The axisymmetric flow in the funnel is assumed to be subsonic, 
so the continuity equation takes the form

1 1 0.r rr rV V V Vz zr r z r r z
∂ ∂ ∂ ∂
∂ ∂ ∂ ∂

ε=+ + =

If = 0rV =  , then, to within the parameter 1ε << , the 
continuity equation vanishes.

The projections of the equation of motion for unit directions    
have the form

2
1 PV

r r
φ ∂

ρ ∂
− = − ⋅                                                                               (1)

2

1
0T

V
r V

r r r r

ϕ
ϕ

∂ ∂
η

∂ ∂
− =                                                          (2)

          
1

T
P

r gV zr r r z
∂ ∂ ∂

ρη
∂ ∂ ∂

= +                                                     (3)

The energy equation has the form
1

0.T
T

r qvr r r
∂ ∂

λ
∂ ∂

+ =                                                                 (4)

Equation of state of air with water vapor:

(1 ( , ))a wP P P R T r zµρ ξ ε= + = +  (1 ( , ))a wP P P R T r zµρ ξ ε= + = +  (5)

Here V (0, Vᵩ, Vz) is the velocity field, r, z are the radial and vertical 
coordinates, respectively, Vᵩ, is the angular velocity component, 
Vz is the axial velocity component, ηт= const is the coefficient of 
turbulent dynamic viscosity, P is the air pressure, ρ is the air density, 
T is the temperature, g is an acceleration of gravity, Rμ = 176.846J/
kg K is the gas constant of the mixture consisting of air and water 
vapor, λт = const is the turbulent thermal conductivity of air in the 
tornado-like vortex funnel, qv is the volumetric heat release, ξ is 
the humidity of air, so  above equations were supplemented by the 
equation of the humidity diffusion in the funnel

1
r VD Dr z zr r r z z

∂ ∂ ξ ∂ ∂ ξ ∂ ξ
∂ ∂ ∂ ∂ ∂

+ =                                     (6)

Dr, Dz are the turbulent radial and axial coefficients of diffusion 
of moisture in the funnel.

The following boundary conditions were used for the 
components of the velocity vector, the temperature of the medium 
and the moisture content:

( 0) 0, ( ) ,ò òr r r r constV Vϕ ϕ= = = = Ω Ω = ( 0) 0, ( ) 0òr r rV Vz z
r

∂

∂
= = = =   (7)

         
( 0) 0T rr

∂

∂
==  ( )òT r r TW= =                                              (8)

0, ( ) , ( , 0)( ) ò 00 r r r z constwrr
∂ ξ

ξ ξξ ξ∂
= = = = = ==        

(9) 
  

Considering the change of pressure   with an altitude z 

0( , ) ( , ) ( )P r z P r z R T zµε ρ ξ ε= +  . The dependence of 3 on the 
coordinate   is found from equation 

0 0 ., r
r

P Pg
z

∂
∂

ρ = Ω
∂

= −
∂

                                                      (10)

Using this representation for the pressure from (3) we obtain 
the following equation for the vertical velocity of the moist air 
movement

T r V zr r r z
R Tµ

∂ ∂ ∂ ξ
∂ ∂ ∂

ν =                                             (11).

Assuming that in the presence of gravity, the pressure gradient 
in the axial direction is determined by the air humidity gradient (9), 
and using the boundary conditions (7), we represent the solution of 
equation (11) in the following form

2

2
ò

( ) (0) 1z z
rV r V
r

 
= − 

 
                                                   (12)

Here ò ò / constν η ρ= = , is the coefficient of turbulent 
viscosity. The velocity on the axis of the tornado-like vortex funnel 
is 2(0) ò(0) 4 ò

R T r
Vz z

µ ξ
ν

∂=
∂                                                   (13)

It is easy to see from equation (13), the velocity ( )0Vz   is 
depending on the gradient of vertical humidity z

ξ∂
∂ , which could 

be found from the solution of the diffusion equation for water 
vapor (6). Some, more detailed calculations of processes in the 
tornado-like vortex funnel, performed within the framework of the 
model proposed here, can be found in our works [7-11]. Here we 
will look for the shape of a steady tornado-like funnel, using the 
presence of the small parameters introduced above. It is believed 
that air humidity changes insignificantly along the radius of the 
funnel (see equation (5)), therefore, when solving the diffusion 
equation, moisture transfer in the radial direction can be neglected 

21 / 1.r VrD zr r zr
ξ ξ∂ ∂ ∂

∂ ∂ ∂ ε≈ <<   In the same approximation with 
respect to the parameter 1ε <<  , we replace in equation (6) 

( )V rz by (0)Vz   .The solution of equation (6) with еру boundary 
condition (7) can be represented in the form:

0

ò
( ) exp .2 (0)ò

zD
z

r Vz
ξ ξ

−
=

 
  
 

                                               (14)

Having found from equation (14) the gradient of vertical 
humidity z

ξ∂
∂  , it is possible to present a vertical flow velocity 

profile in a tornado-like vortex funnel in the form:
1/2

ò ò0 0

ò ò

2(0)
( ) 1 exp24 4z

T R r
V r

r

D D z
G

µξ

ν
π ρ

= −
    −          

   (15)

Here G is a flow rate of moist air in the funnel, ξ0 is the humidity 
at the base of the tornado-like vortex.

The mass air flow in the tornado-like vortex is found from the 
equation:

http://dx.doi.org/ 10.31031/EIMBO.2018.02.000537
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ò

0
0

2
r

zG V rdrπ ρ= ∫

Substituting solution (15) into this equation and integrating, 
we find the relationship between the flow rate, the funnel radius 
and the humidity change in height:

1/2
ò ò0ò0 0

ò

2 R (0)
exp

2 4 4
D Tr z D

G
G

constµξπ πρ ρ
ν

−
=

    =   
  

(16)

In the considered tornado-like vortex funnel model it was 
assumed that the funnel walls are impermeable to air, so the flow 
rate should remain constant in height. As can be seen, formula (16) 
relates the air flow rate in a tornado-like vortex and the funnel 
radius. 

1/4
ò ò1/2 0 0

ò 0
ò

R (0)
(2 / exp

4 8
)

D T z D
r G

G
µξ π ρ

π ρ
ν

−

=
   
   

  
     (17)

So if the flow rate remains constant the funnel radius should 
vary with altitude Next, we use this connection to represent the 
variation in the tornado-like vortex funnel radius with height. From 
the equations obtained it can be seen that, with a constant air flow, 
the change in the radius of the tornado funnel is associated with a 
change in the humidity of the air along the height. However, it is 
difficult to directly use the formulas obtained because the turbulent 
coefficients are poorly known and vary in different ways in a calm 
atmosphere and in the development of a tornado. Recently in the 
change of humidity with altitude (the city of Kirensk, Russia) were 
obtained. For getting the most appropriate tornado-like vortex 
funnel shape, we approximated a change of humidity with altitude 
by the next function corresponding to the data from [12]:

( )0( ) exp az b zξ ξ= −                                               (18)

Here 42.839 10ab −= ⋅  1/m is the value obtained by 
approximating the data. 

Further, solutions (12, 13) and the formula for the humidity 
change with altitude (18) will be used for finding a change of the 
funnel radius with altitude. It should be noted that the data given 
in and approximated by formula (18) refer to the free atmosphere. 
Using the formula (18) suitable to the free atmosphere for a 
tornado-like vortex funnel, it can be assumed that a more intense 
change of moisture along the height occurs in the tornado-like 
vortex funnel ( 4

ò 2.839 10b −> ⋅ 1/m). Therefore, to compare 
the shapes of the tornado-like vortex showers shown in Figure 2 
with the theoretical data, this circumstance should be taken into 
account. Using distributions of pressure, density, and moisture in 
the form (14) we represent the change of the funnel radius in height 
in the form

( ) 1/2
ò ò

ò
ò 0

exp 8
2 (0)

/ 2 G
r

a M

b z
b

ν γ
πρ ξ

Ω
=

    
 
 

      (19)

Formula (19) allows us to calculate the average radius of the 
funnel of a tornado-like vortex 

ò ò
ò ò

ò

1 / 2

2
0 0

81 2( ) [exp 1]
2 (0)ò

h b h Gr r z dz
h bb ha M

ν γ
πρ ξ

          

Ω= = −∫
 (20)

and establish a scaling between this radius and other 
parameters of the steady tornado-like vortex.

Here a is the speed of sound Tr , h are the funnel radius and its 
height, respectively M is the Mach number for the flow in the funnel, 
γ is the adiabatic index of moist air, Ω=const is an angular velocity 
of the medium rotation

If the inequality ò 1
2

b h
>>  is satisfied, then the complex 

1/ 2
82 ò

2 (0) 0

G
bTa M

ν γ
πρ ξ

 
 
  
 

Ω  , entering into the equation (20) can be represented 
in the form:

ò ò
ò ò

ò 0

1 / 2
exp

2
82

2 (0)
b hG b h r

ba M
ν γ

πρ ξ
  − 
   

  

Ω =

This allows us to present a change in the radius of the funnel of 
a steady tornado-like vortex with a height in the form:

ò( )ò ò ò
( )exp

2
r z b h r

b z h
=

− 
 
                      (21)

Using the observational data on the shape of the tornado-
like vortex funnel with height, we can calculate, using formula 
(21), a parameter characterizing the change in humidity inside 
the tornado-like vortex funnel. A comparison of the results of 
calculating the shape of the tornado funnel with height according 
to formula (21) with the data of observations of real tornadoes 
[13,14] is presented in our work [15].

Conclusion
An equation that describes the shape of the tornado-like vortex 

funnel, depending on the turbulent air viscosity, the turbulent 
moisture diffusion coefficient, and the flow rate is obtained. 

Now we could obtain funnel profiles of the tornado-like 
vortices and find their dependence on the flow rate using the 
modified data of humidity changes with altitude in the free 
atmosphere. This approach allows eliminating some unknown 
turbulent characteristics of flow inside the funnel. These results 
give the funnel shape and its dependence on the tornado-like vortex 
intensity that is closest to the observation data.
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