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Introduction
Chemical potentials play major role in the interphase distribution of components, due to 

the equality of their values in the coexisting equilibrium phases of the system. When compar-
ing the distribution of various elements of multicomponent solutions, standardization and 
accuracy calculation of chemical potentials are of decisive importance, which is purpose of 
this article.

Theory
In statistical thermodynamics the main value has the determination of the chemical po-

tential in the form 

,
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N T V
µ

∂
=

∂

 
 
   (1)

where A is the Helmholtz free energy, N is the number of particles, T is absolute tem-
perature and V is the volume of system. The concept of component activity is related to the 
chemical potential

'
i

kT
ia e

µ

=  (2)

In this definition '
ia  represented absolute activity [1]. In many cases, when comparing the 

properties of similar systems, the chemical potential can be represented as a function of rela-
tive activity ai, highlighting some component

0 lni i ikT aµ µ= +  (3)

where 0
iµ  is the chemical potential in some common state for the compared systems, called 

the standard state, the choice of which is arbitrary. At the same time, this state should reflect 
the properties of the system under study
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0 lni kTµ λ=  (4)

where λ is some constant parameter characterizing the state of 
the system at a given temperature. The free energy of the system 
can be determined using the equations of statistical thermodynam-
ics as [1,2] 

ln k u
e

A NkT Z Z
N

= −
 
 
 

 (5)

where e is the base of the natural logarithms, Zk, Zu are the parti-
tion functions associated with kinetic and potential energy respec-
tively. The value Zk for gas systems, taking into account quantum 
effects, can be defined as [1,3]

3
0

V
Zk λ

=  (6)

where ( )
1 2

0 2
h

MkT
λ

π
=  is the De Broglie heat wave, h is Plank’s 

quantum constant, and M is the particle mass. 

 Combined Eq. (5) and (6), we have

3
0ln ln ln u

eV
A NkT NkT NkT Z

N
λ= − −  (7)

Differentiating Eq. (7) by volume, we can calculate the gas pres-
sure

ln u

T T

ZA N
P kT NkT

V V V

∂∂
= − = +

∂ ∂

  
   
   

 (8)

In the absence of interactions Zu=1, the gas called ideal, and the 
thermal equation of state (8) takes the form

N
P kT

V
=  (9)

In the transition to solutions and considering the additive prop-
erties of thermodynamics potentials, the free energy of solution can 
be represented as 

3
0ln ln lns w u

eV
A A NkT NkT NkT Z

N
λ= + − −  (10)

where Aw is the free energy of solvent, Zu is partition function 
that randomizes all types of interactions, including the interaction 
of solute particles N with solvent molecules Nw. The pressure of the 
solution, by analogy with Eq. (8), can be defined as

ln u
s w

TT

A ZNsP P kT NkT
V V V
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= − = + +
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 (11)

where the value of Pw refers to the pure solvent. Difference 

osm s wP P P= −  (12)

represents osmotic pressure. In dilute solutions at N≪Nw we 
can put Zu=1 and express the pressure of the ideal solution Pid as

id
N

P kT
V

=  (13)

This is the Van’t Hoff equation, which has complete similarity 
to Eq. (9) and shows the acceptability of the general statistic model 
for gases and solutions [2,4]. The osmotic coefficient characterizing 
he degree of deviation from ideality, according to Eq. (12) and (13), 
can be defined as
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1osm u

s
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P Z
V
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ϕ

∂
= = +

∂

 
 
   (14)

In the accepted approximation N≪Nw we can put it 0
w wV N v= , 

where Nw and vw
0 are the number of solvent molecules and its mo-

lecular volume. In it is case osmotic coefficient can be determined 
as 

ln
1osm u

w
id w T

P Z
N

P N
ϕ

∂
= = +

∂

 
 
 

 (15)

and, accordingly Eq. (10), can be represented as 
0

3
0ln ln lnw w

s w u
eN v

A A NkT NkT NkT Z
N

λ= + − −  (16)

Differentiating Eq. (16) by the number of solvent molecules, its 
chemical potential in solution can be determined as 
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 (17)

where 0

,

w
w

w T N

A

N
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∂
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∂

 
 
  is the chemical potential of a pure solvent. Eq. 

(17), considering Eq. (15), can be represented as 

0
w w

w

N
kT

N
µ µ ϕ= −  (18)

On the other hand, chemical potential of the solvent can be de-
termined using the saturated vapor pressure above the solutions. 
Assuming that the solvent behaves like an ideal gas in gaseous 
phase, its chemical potential according to Eq. (1) and (7) can be ex-
pressed as

3
0ln lng

VkT kT Nµ λ= −  (19)

Next, using Eq. (9) we have
*

3
0ln lng

P
kT

kT kTµ λ +=  (20)

where P* is saturated vapor pressure above the solution. Sim-
ilarly, for a pure solvent at a saturated vapor pressure Pw* we have 

*
0 3

0ln ln w
g

PkT kT kTµ λ= +  (21)

At phase equilibrium, the condition of equality of chemical po-
tential is observed, i.e., w gµ µ=  for the solution, 0 0

w gµ µ=  for pure sol-
vent. Then, using Eq. (20) and (21), the chemical potential of the 
solvent can be represented in the form Eq. (3) 

0 lnw w wkT aµ µ= +  (22)

where 
0
wµ  is the chemical potential of the pure solvent (the 

standard state), and aw is the activity of the solvent
*

*w
w

Pa
P

=  (23)

Comparing Eq. (18) and (22), osmotic coefficient can be deter-
mined as 

lnw
w

N
a

N
ϕ = −  (24)

 Eq. (24) obtained for dilute solutions extends to the entire do-
main of the existence of solutions and is the basis for the experi-
mental determination of the osmotic coefficient. At the same time, 
it is necessary to make correction for the calculation of osmotic 
pressure. Comparing Eq. (14) and (15) in the region of an infinitely 
dilute solution, we have 

ln
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w
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 (25)

and then, using Eq. (24) and (25), we get
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Differentiating Eq. (10) by the number of particles, it is possible 
to determine the chemical potential of the solute 

3
0

,

ln ln lns

T V

A N
kT kT kT

N V
µ λ γ

∂
= = + +

∂

 
 
 

 (27)

where γ is the activity coefficient 
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 (28)

The first term of on the right side of Eq. (27) actually plays the 
role of some standard state, where under the sign of the logarithm 
is a quantity having the dimension of volume [ ]3

0 vλ , and characteriz-
ing according to Eq. (21) the gaseous state of the solvent. Therefore, 
in solutions, considering the arbitrariness of the choice of the stan-
dard state, it is necessary to use another value 0

wv  is the molecular 
volume of the pure solvent. Then, the chemical potential of the sol-
ute can be expressed as 

0

,

ln ln lns
w

T V

A N
kT v kT kT

N V
µ γ

∂
= = + +
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 
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 (29)

In dilute solutions, where it is possible to put 0
w wV N v=  , Eq. (28) 

and (29) respectively, take the form 

, ,

ln ln
ln ln lnu u

T N T Nw w

Z Z
Z N Z x

N x
γ

∂ ∂
= − − = − −

∂ ∂

   
   
     (30)

ln lnkT x kTµ γ= +  (31)

where x is the relative concentration introduced by Debye [5] 

w

N
x

N
=  (32)

Using Eq. (32), the activity of the solute can be defined as a=xγ 
and represent Eq. (31) as 

( )ln lnkT a kT xµ γ= =  (33)

At constant pressure and temperature, the Gibbs-Dugem equa-
tion can be represented as [2] 

0w wNd N dµ µ+ =  (34)

from where it is possible to establish a connection between the 
parameters of the solution [6]

ln 1 ln Zγ ϕ= − −  (35)

( )
0

ln 1 ln
x

Z d xϕ= − −∫  (36)

ln
1

d Z
x

dx
ϕ = −  (37)

Eq. (35) – (37) remain unchanged for all types of solutions, 
both molecular solutions and all types of electrolyte solutions 
[3]. In binary solutions of electrolytes, where p pN q N=  cations and 

n nN q N=  anions are formed during dissociation, where p
p

v
q

v
=  , n

n
v

q
v

= , 
p nv v v= + are stoichiometric coefficients, so that the total number 

of ions p nN N N= + . In this case, Eq. (10) can be generalized and rep-
resented as [3]

0ln ln lni
s w i w i i i

N
A A kT N v kT N kT N Z

eV
= + + −∑ ∑ ∑  (38)

from where the chemical potential of each of the ions can be 
defined as

0

, ,
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Turning to an infinitely dilute solution ( )0
w wV N v= , Eq. (39) can be 

transformed to the form 

ln lni
i i

w

N
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N
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Further, the average chemical potential in the relative concen-
tration scale can be defined as

( )ln lnx i i xq kT Q x kTµ µ γ= = +∑  (42)

where q qp n
x p nQ q q=  ; γ is the average ion activity coefficient

( )
,

ln
ln ln ln

q qp un
p n u

T Nw

Z
Z N

N
γ γ γ

∂
= = − −

∂

 
 
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 (43)

where p nq q
u p nZ Z Z=  is partition function of the solution.

 In electrolyte solutions, the concentration is usually defined 
as the number of moles of the starting substance related to 1kg of 
solvent, called molality m. The relationship of this value with the 
relative concentration is expressed 

w

m
x

m
=  (44)

where mw is the number of moles of solvent contained in 1kg 
(for water mw=55.51mol/kg). Another concentration used is molar-
ity, defined as the number of moles electrolyte in 1 liter of solution. 
The relationship of these concentrations is defined be the ratio 

1 wmMm

c ρ

+
=  (45)

where Mw is the molecular weight of the solvent, ρ is the density 
of the solution. Using the Eq. (42) and (44), the chemical potential 
of the electrolyte in solution can be expressed as a function of mo-
lality 

( ) 0ln ln ln ln lnm w m mkT M kT Q m kT kT kT aµ γ µ= + + = +  (46)

where q qp n
m p nQ v v= , 0

m wMµ =  is the standard state of solution, a is the 
activity of the electrolyte ma Q mγ=  (47)

and further, using Eq. (45), as a function molarity 

( ) ( )0ln ln 1 ln lnw
c w w ckT v kT mM kT Q C kT

ρ
µ γ

ρ
= + + + +  (48)

where c mQ Q= ; wρ  is the density of the pure solvent.

Discussion 
As follows from Eq. (29), he chemical potential of electrolyte 

is most strictly determined in the molar scale of concentration. 
However, this concentration significantly depends on temperature. 
Therefore, a result of which the overwhelming number of experi-
mental data is expressed a molality concentration, which explains 
the procedure described above for converting data into molar con-
centration. When comparing the activity of different electrolytes 
in aqueous solutions, it is necessary to use uniform concentration 
scale, and the activity coefficient unchanged in any scale, and the 
activity of the component when using Eq. (46) and (48) has a con-
centration dimension. The latter circumstance is not an obstacle to 
this goal, since the standard state is function characterized by the 
parameters of a pure solvent, so that product of ia λ  according to Eq. 
(2) - (4) is always dimensionless quantity. The structure Eq. (42) 
differ in that the properties of a pure solvent are included in the 
value of the electrolyte activity.
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It follows from this that in all cases the state of a pure solvent 
is taken as a standard state. I this case, the main parameters of the 
electrolyte according to Eq. (35) – (37) take values Z→1; φ→1; 
γ→1. Note also that the chemical potential in an infinitely dilute 
solution remain indeterminate value, but this does not cause diffi-
culties in calculating the energy of the system, since in this limiting 
case 

0
ln 0lim

N
N N

→

= and the free energy of the system corresponds to 
its value in a pure solvent. Turning to the evaluation of the inter-
phase distribution function of components, let us consider a typical 
process of co-crystallization of impurity and main components in 
ternary water-salt systems. From the condition of equality of the 
chemical potentials of each component in the liquid μil and solid 
phases μil, the distribution coefficient can be determined according 
to Eq. (3) as 

0 0

expis il is
i

il

a
k

a kT

µ µ−
= =

 
 
 

 (49)

where 
0
ilµ  , 

0
isµ are chemical potentials in the standard state, ila  , 

isa are the activity of the components in the liquid and solid phases, 
respectively. Composing the ratio of coefficients of the impurity ki 

and the main component kb, it is possible to determine the thermo-
dynamics co-crystallization coefficient of the impurity component 
as 

0 i is bl
i

b il bs

k a a
D

k a a
= =  (50)

By choosing as a standard state in the solid phase for each com-
ponent as the state of the pure component, Eq. (50) according to Eq. 
(49), can be converted to the form 

0
0

0
bl

i
il

aD
a

=  (51)

where 
0
ila  , 

0
bla  are the activity of the components in their binary 

saturated solutions. Turning to concentrations, we define the equi-
librium coefficient of co-crystallization as the ratio 

i b i b
i

i b i b

f f f m
D

m m m f
= =  (52)

Where mi ,mb are the concentrations of the components in the 
liquid phase, fi ,fb are the molar fractions of the impurity and the 
main component, so that fi+fb=1 , moreover, for non-isomorphic 
compounds that do not form solid solutions, these values are the 
activities of the components in the solid phase : ais=fi; ais=fi. In the 
region of the micro-concentrations of the impurity component at 

0im →  , also 0
bl bla a→ , from where comparing Eq. (50) and (51), we 

have 

0
is i il

bs s il

a f a

a f a
= =  (53)

Here ail is the activity of the impurity component in the mixed 
solution, which under the same condition 0im →  can be defined as 
[3,7]

* i
il il

b

ma a
m

=  (54)

where *
ila is activity of the impurity component in its binary iso-

piestic solution, at the same solvent vapor pressure as in the mixed 
solution, i.e., with the same solvent activity. Combining Eq. (52) – 
(54), we have 

( )
( )

**

00
i iil

i
il i i

ma
D

a m

γ

γ
= =  (55)

 where the activities 
*
ila  , 

0
ila  are determined by Eq. (47). The re-

sults of calculations according to Eq. (55) are shown in Table 1. On 
the other hand, it is often found in the literature to determine the 
activity of the components of the liquid phase in the form [8]

( )v
mL Q mγ=  (56)

Tаble 1: Co-crystallization coefficient of the impurity ele-
ments in water solutions KNO3 at 298К (aw=0,924).

System ( )*

i
mγ ( )0

i
mγ Di (calc.) Di (meas.)

KNO3 – KCl – H2O 1,495 2,840 0,526 0,454

KNO3 – Mg(NO3)2 – H2O 0,767 24,895 0,031 0,035

KNO3 – Co(NO3)2 – H2O 0,710 24,864 0,029 0,030

KNO3 – Cu(NO3)2 – H2O 0,668 47,114 0,014 0,018

KNO3 – Al(NO3)3 – H2O 0,180 3,571 0,050 0,036

where ν – stoichiometric coefficient of the electrolyte. In this 
equation, L is essentially the product of ionic activities, or the prod-
uct of solubility for water-soluble salts. For example, for aqueous 
solution AgCl 11865 10L −= ×  , but solubility 1 693 10vm L −= = ×  [9]. In-
deed, the direct use of Eq. (56) for the examples in Table 1 leads 
to discrepancies with the measurement data be several orders of 
magnitude.

Conclusion
The conditions formulated above are necessary and sufficient 

for calculating and comparing the chemical potentials and activity 
of the components in solutions. In all cases the standard state 
of the chemical potential is related to parameters of the pure 
solvent and the activity of the components is proportional to their 
concentration in solution. This is the main difference between the 
proposed method and other methods based on some fixed or even 
hypothetical states of a system component. At the same time, the 
simplicity and clear physical meaning of the definition used make 
it possible to extend the proposed method for calculating of the 
chemical potentials in other equilibrium heterogeneous systems.
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