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Is there A Relationship between Volumetric  
Quantities and Volumetric Strain Curves?

Introduction
Literature review

Deformation and fracture characteristics of brittle rocks 
have been studied by earlier researchers Bieniawski [1-3]. The 
common agreement among them was that the failure process 
occurs in stages. The stages were determined from stress-strain 
characteristic curves obtained from axial and lateral deformation 
measurements during laboratory uniaxial compression test. Brace 
et al. [4] & Bieniawski ZT [5] evaluated stress-strain behaviour of 
a deformed material and classified the deformation steps in the 
brittle fracture process Figure 1 as follows:

a)	 Closing of cracks (or crack closure) (stage I),

b)	 Linear elastic deformation (or fracture initiation) (stage 
II), 

c)	 Stable fracture propagation (or Critical energy re-lease) 
(stage III),

d)	 Unstable fracture propagation (or material failure) (stage 
1V) and

e)	 Failure and post-failure behaviour (or structure failure) 
(stage V).

Kim et al. [6] observed that most of the damage (about 78 % 
of the total damage) occurred after the crack damage stress. They  
found that the unstable crack propagation and crack coalescence  

 
played a much larger role than initiation of new cracks and stable 
crack growth in the development of significant damage in rock. 

They assumed that damage accumulation does not occur below 
the crack initiation stress threshold. This position was based on 
the fact that damage does not accumulate in an elastic region of a 
material, that is, between crack closure and crack initiation.  

Figure 1: Normalized stress-strain curves, marble specimen 
for type 1 volumetric strain curves.

The crack damage stress σcd is the stress level at which the 
maximum total volumetric strain is attained Palchik [7]. Therefore 
at the point of crack damage stress σcd the maximum total 
volumetric strain is attained (i.e. σcd=Ɛcd). The point at which 
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Abstract

The aim of this work is to show whether or not a relationship exists between the different volumetric strain quantities and to assess also whether 
the volumetric quantities are related to the different types of volumetric strain curves under failure-deformation process of hard brittle rocks. Tests 
were conducted to determine the complete stress-strain curves of different 83 rocks types under uniaxial compression using a closed loop servo-
controlled testing system. The rocks failure-deformation behaviours curves were characterized and coordinated into groups of three different types of 
volumetric strain curves. The volumetric strain quantities were estimated which include, the elastic volumetric strain, slope of the normalised stress-
volumetric strain curves and the maximum total volumetric strain. These volumetric strain quantities were compared with each other. The result show 
that the volumetric strains quantities are related by power form law. The volumetric strain quantities were also compared for each group of the three 
types of volumetric curves. It was established that there is connection between the volumetric strains quantities and the types of the volumetric strains 
curves. The relationship show a power form law and the curves become more concave from type one to type two and type three volumetric strain curves 
respectively. 
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σcd=Ɛcd defined the type one and type two volumetric strain curves 
in which type one has negative total volumetric strain (Figure 1) 
with the post-failure characteristic curves shown in Figure 2 and 
type two with positive total volumetric strain (Figure 3) with the 
post-failure characteristic curves shown in Figure 4.

Figure 2: Post-failure stress-strain curves, marble 
specimen.+ve total vol. strain reversal at σcd

Figure 3: Normalized stress-strain curves, troctolite 
specimen for type 2 volumetric strain curves

Figure 4: Post-failure stress-strain curves, troctolite 
specimen.	

The type one and type two volumetric strain curves have 
reversal at crack damage stress level σcd. When the maximum total 

volumetric strain is attained at the uniaxial compressive strength of 
the rocks, σc (i.e. σcd=σc) define the type 3 volumetric strain curve. 
In this case, the bulk volume of rock decreases until failure occurs 
(Figure 5) with the post-failure characteristic curve shown in 
Figure 6. The mechanical properties of the 83 different rocks types 
and origins consisting of igneous, sedimentary and metamorphic 
rocks exhibited the different types of the volumetric strain curves 
(type one, type two and type three).

Figure 5: Normalized stress-strain curves, quartzite2 
specimen for type 3 volumetric strain curves.

Figure 6: Post-failure stress-strain curves, quartzite2 
specimen.	

Most researchers in rock mechanics studies have so far been 
focused on the crack damage stress (σcd) and uniaxial compressive 
strength (σc) of characteristic stress levels during compression in 
which σcd=Ɛcd and σcd=σc to evaluate damage in rocks [8-11]. This 
work will evaluate different types of volumetric strain quantities 
and their relationships. It will also evaluate their relationships 
for different groups of volumetric strain curves types. This work 
will at-tempt to provide answers to the following questions. Is 
there a connection among the volumetric strain quantities? Is the 
volumetric strain quantities related to the types of the volumetric 
strain curves? To the author’s knowledge, so far no experimental 
results have been published, which describe the connection 
between the type of volumetric strain curves and volumetric strain 
quantities.

http://dx.doi.org/10.31031/AMMS.2018.01.000523
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Method 
Complete stress-strain curves were determined under 

unconfined uniaxial compression test using a closed loop servo-
controlled testing system in order to estimate the mechanical 
properties of 83 different rocks types from different origins 
(53 igneous, 10 sedimentary and 19 metamorphic). The testing 
procedures for the determination of complete stress-strain curves 
of the rocks have been done according to ISRM (2007) suggested 
method. The strength parameters were estimated according to 
ISRM (2007) suggested methods. In this case the UCS is the stress 
level at specimen failure load. The elastic modulus, E, is estimated 
as the average modulus of the slope of linear portion of axial stress-
strain curves (this is estimated at about 30 % to 70 % at the axial 
stress level) (Figure 2). The Poisson’s ratio, v is calculated as the 
ratio of radial strain to axial strain at 50 % axial stress level (Figure 
6). Five tests were performed for each rock type and the average 
value estimated.

The stress-strain curves were determined for the different 83 
rocks types with UCS ranging from 640.9 MPa to 43.7 MPa with 
an average value of 216.1 MPa and E ranging from 150 GPa to 25 
GPa with an average value of 69 GPa; and v ranging from 0.4108 
to 0.0824 with an average value of 0.2315. The post-failure moduli 
were used to characterise the rocks as Class I for negative sign 
modulus and Class II for positive sign modulus. How the post-
failure moduli were estimated from the stress-strain curves has 
been described elsewhere [12]. The characteristic behaviour of 
Class I and Class II rocks and their response under axial loading 
condition has been described by Akinbinu [13]. 

Stress-axial, radial and total volumetric strain curves for 
the various brittle rocks up to strength failure were constructed 
according to Martin [3]; Bieniawski [14] to show the stages in the 
deformation process and were grouped into the different volumetric 
strain curves types. The quantities relating to the volumetric strain 
curve which include the maximum total volumetric strain Ɛcd and 
elastic volumetric strain were estimated to represent volumetric 
quantities of the failure-deformation process of the brittle rocks. In 
this study the slope of total volumetric strain and normalized axial 
stress curve is also evaluated to represent volumetric quantity of 
the deformation process. The slope of the curves were determined 
from the linear part of total volumetric strain and normalized axial 
stress curves such that a tangent is drawn parallel to the linear 
elastic deformation stage (i.e. from end of crack closure to the end 
of linear elastic deformation stage, Figure 1,3,5. It can be defined as 
the total volumetric strain per unit normalised stress.

The volumetric strain quantities were compared with each 
other in order to see if there exists a connection between them. The 
quantities were also compared for each type of the volumetric strain 
curves grouped as type one, type two and type three respectively. 
The type one has negative total volumetric strain and with a point 
of reversal at crack damage stress. The type two has positive total 
volumetric strain with a reversal point at crack damage stress 
while the type three has a positive total volumetric strain without a 
reversal point at the crack damage stress Figure 1,3,5 respectively. 

These deformation process types or the types of volumetric strain 
curves were also compared with shapes of the post-failure regime 
linked to the difficulty in obtaining it. The approach was to find out 
if the volumetric strain quantities are related to each other, whether 
the quantities are related to the types of volumetric curves and what 
effect the volumetric strain quantities have on the characteristic 
shapes of the post-failure curves [15-18]. 

Results and Discussion
The author use of crack damage stress (σcd) and maximum 

total volumetric strain (Ɛcd) in which σcd=Ɛcd to characterise 
volumetric strain curves from normalised pre-failure stress-strain 
curves has enables to divide the type one volumetric strain curve 
into two types. The first type has a negative total volumetric strain 
and with a point of reversal at crack damage stress. The second 
type has positive total volumetric strain with reversal point at 
crack-damaged stress. For rocks that exhibited the first type of 
deformation process, the volumetric strain curve is shown in 
Figure 1 while post-failure characteristic curves is shown in Figure 
2 as an example for the type. The post-failure stress-strain curves 
for this type of rocks are relatively easy to perform. The type 2 
volumetric strain curve is shown in Figure 3 and characteristic 
post-failure stress-strain curve is shown in Figure 4 as an example 
of for the second type. For the second type volumetric strain curve, 
the process of unstable crack propagation (stage IV) has a small 
duration. Thus, the rocks exhibited a higher velocity of micro cracks 
propagation. This made it difficult to control the post-failure curves 
than the type one volumetric strain curves because of the short 
duration of the crack damage stress threshold to rupture. 

For the third type of volumetric strain curves, the crack 
induced stress and the structural failure of the rock specimen 
occurred together (Figure 5) with characteristic post-failure 
stress-strain curve shown in Figure 6. There was no reversal of the 
total volumetric strain so there was continued decrease in rock 
volume. The control feedback, the circumferential strain, does not 
continuously increase with the applied load after the peak load. 
Instead, the deformation became self-sustaining and as a result the 
micro-cracking of the material continued on its own accord [19,20]. 

Furthermore, unstable crack growth occurs at the on-set of the 
crack initiation stress for the third type volumetric strain curve. 
The critical energy release rate or crack damage stress threshold 
started much earlier for this type of curve than observed with 
others. Under this condition, the relationship between the applied 
stress and the crack length ceases to exist and other parameters, 
such as the crack growth velocity (as described in Eqn. 1), take 
control of the propagation process. These specimens exhibit high 
micro-cracking propagation velocity. The velocity increases rapidly 
to reach terminal velocity as unstable crack growth continued to 
the point where the many micro-cracks coalesce. Although the load 
was reduced, the fracture continues to propagate since the stored 
elastic strain energy release rate has attained the critical value. 
The cracks continued to extend because the elastic strain energy 
stored within the specimen is released. The elastic strain energy ac-
cumulated in the system during loading and avail-able for rupture 

http://dx.doi.org/10.31031/AMMS.2018.01.000523
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development in the post-failure region was higher than the work 
that the specimen can do at the post-failure phase [21,22]. 

The difficulty in obtaining the post-failure curves in-creases 
as the total volumetric strain approaches a positive value. In other 
words, difficulty in obtaining the post-failure curves increases 
from the first type to the second type and finally the third type 
volumetric strain curves. For the first and second types, the four 
stages of deformation process are identifiable while only three 
stages of deformation process are identifiable with the third type 
(Figure 1,3,5). The first type deformation process contains the 
Class I while the second and third types show entirely Class II 
characteristic behaviour. 

The volumetric strain quantities in Table 1 were compared with 
each other. The comparisons show that there exists a relationship 
among the volumetric strain quantities (Figure 7-9). The volumetric 
strain quantities are related with each other by power form law and 
can be expressed as and power form functions in which k and n 
can be termed as volumetric strain constants and exponents. The 
correlation coefficients of maximum total volumetric strain with 
slope of the normalised stress-total volumetric strain and with the 
elastic volumetric strain are significant, 0.89 and 0.92 respectively. 

Table 1:  Volumetric quantities

Types of Vol. 
Strain Curve     Slope Elastic Vol. Strain Max. Total Vol. Strain

1 203.92 1.402744 0.00095

1 259.54 1.754027 0.00098

1 203.92 1.748411 0.00098

1 203.92 1.788378 0.00103

1 335.88 1.178844 0.0007

1 335.88 1.076169 0.00057

1 248.26 1.305559 0.0009

1 167.94 1.769739 0.00097

1 259.54 1.687052 0.00089

1 285.5 1.483119 0.00075

1 211.48 1.427131 0.00077

1 158.61 1.769102 0.0011

1 118.95 1.966931 0.00133

2 203.92 1.257994 0.00091

2 139.26 1.838028 0.00119

2 150.26 1.528518 0.00131

2 132.79 1.619457 0.00128

2 154.32 1.396324 0.00111

2 190.33 1.234167 0.00093

2 154.32 1.429433 0.001

2 219.61 1.175822 0.00086

2 78.43 1.066837 0.00097

2 78.43 1.048121 0.00092

2 237.4 1.031092 0.00077

2 211.48 1.112569 0.00091

2 335.88 1.420764 0.00086

2 142.75 1.424564 0.00096

2 300.52 0.82603 0.00048

2 103.81 1.795591 0.00118

2 139.26 1.90655 0.0013

2 634.44 0.419218 0.00028

2 634.44 0.395338 0.00029

2 634.44 0.412702 0.00029

2 634.44 0.358327 0.00026

2 713.75 0.425413 0.0003

2 713.75 0.433972 0.00029

2 713.75 0.422358 0.00029

2 83.97 2.469742 0.00204

2 87.84 2.396813 0.00214

2 167.94 1.286241 0.00102

2 178.43 1.182777 0.001

2 92.04 2.290198 0.00216

2 203.52 1.109033 0.00092

2 203.52 1.09857 0.00089

2 89.21 2.47982 0.00166

2 139.26 1.555811 0.00114

2 184.19 1.365006 0.00094

2 184.19 2.076534 0.00152

2 142.75 2.217076 0.00168

2 118.95 2.111838 0.00149

2 126.88 2.428236 0.00165

2 100.17 2.926733 0.00203

2 178.43 1.353035 0.00092

2 103.81 2.020393 0.00169

2 98.44 2.170325 0.00182

2 121.48 1.693523 0.00152

2 111.96 1.858685 0.00144

2 95.16 2.473605 0.00231

3 171.4 1.460166 0.00122

3 130 1.657071 0.00134

3 150.26 1.39989 0.00118

3 190.33 1.098377 0.00093

3 78.43 1.381138 0.00125

3 167.54 1.286964 0.00119

3 271.9 0.650203 0.00065

3 203.42 1.085455 0.00084

3 92.04 2.140467 0.00188

3 154.42 1.351537 0.00127

http://dx.doi.org/10.31031/AMMS.2018.01.000523
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3 57.1 3.4251 0.00324

3 111.46 1.765106 0.00159

3 167.44 1.140578 0.00109

3 146.41 1.490105 0.00127

3 163.14 1.471169 0.00143

3 300.52 0.800778 0.00075

3 259.54 0.784799 0.00072

3 285.5 0.701407 0.00067

3 100.17 1.948701 0.00176

3 634.44 0.356045 0.00025

3 634.44 0.384037 0.00027

3 634.44 0.394496 0.00027

3 634.44 0.36438 0.00026

3 713.75 0.462807 0.00032

3 634.44 0.423437 0.00028

Figure 7: Maximum total volumetric strain and slope for 
combined sample..	

Figure 8: maximum total volumetric strain and elastic 
volumetric strain for combined sample.

Figure 9: Elastic volumetric strain and slope for combined 
sample.

These strong correlation coefficients simply show that these 
quantities are connected with each other and therefore are 
mathematically related by power form law. Similarly the elastic 
volumetric strain correlated with the slope of normalised stress 
total volumetric strain curve with a coefficient of correlation of 0.79. 
The relationship of maximum total volumetric strain with the slope 
of the normalised stress-total volumetric strain curve can better 
be described as. This is to say that as the slope of the normalised 
stress-total volumetric strain curve increases, the maximum total 
volumetric strain decay (decrease) by power of 0.89 of the slope of 
normalised stress-total volumetric strain curve. The relationship of 
maximum total volumetric strain with elastic volumetric strain can 
be expressed by the power form law. So, as the elastic volumetric 
strain increases the maximum total volumetric strain increases by 
1.026 power form of the elastic volumetric strain.

Also the volumetric strain quantities were coordinated such that 
the quantities were compared for each group of the different types 
of volumetric strain curves. The volumetric strain quantities show 
relationships with the different groups of the types of volumetric 
strain curves. The maximum total volumetric strain is related with 
the slope of normalised stress-total volumetric strain curve for each 
group of the different types of volumetric strain curves by power 
form function. The curvature of the concave curve get deeper and 
closer to the X-Y axis as the volumetric strain curves changes from 
type one to type two and type three respectively (Figure 10-12). 
The coefficient of correlation increases from type one to type two 
and type three volumetric strain curves, 0.749, 0.863 and 0.952 
respectively (Figure 10-12). The relationship with the different 
types of volumetric strain curves are described as Ɛcd= 0.026θ-
0.62, Ɛcd= 0.090 θ-0.87 and Ɛcd= 0.144 θ-0.95 for type one to type 
two and type three respectively. The constants or coefficient of the 
equations can be termed as the ‘coefficient of volumetric strain 
stiffness moduli. The ratios of the ‘coefficient of the volumetric 
strain stiffness modulus’ for type one to type two and type three 
volumetric strain curves are 1:3.5:5.5 respectively. This ‘coefficient 

http://dx.doi.org/10.31031/AMMS.2018.01.000523
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of volumetric strain stiffness modulus’ increases from type one to 
type two and type three of volumetric strain curves respectively. 

Figure 10: Maximum total volumetric strain and slope for 
type 1 volumetric strain curve.

Figure 11: Maximum total volumetric strain and slope for 
type 2 volumetric strain curves.

Figure 12: Maximum total volumetric strain and slope for 
type 3 volumetric strain curves.

Similarly, the elastic volumetric strain is related with the 
slope of normalised stress total volumetric strain curve by power 
form function. The curvature of the concave curve get deeper and 
closer to the X-Y axis as the volumetric strain curves changes from 
type one to type two and type three respectively. The coefficient 
of correlation increases from type one to type two and type three 
volumetric strain curves, 0.581, 0.811and 0.943 respectively.

The relationship of the volumetric strain quantities with 
the different types of volumetric strain curves are described 
as Ɛcr=19.38 θ -0.46, Ɛcr=78.13 θ -0.78 and Ɛcr=87.84 θ -0.83 
respectively. Also the ratios of the ‘coefficient of the volumetric 
strain stiffness modulus’ for type one to type two and type three 
volumetric strain curves are 1:4.0:4.5 for type one: type two: type 
three volumetric strain curves respectively. The ratios increase 
from type one to type two and type three volumetric strain curves 
respectively (Figure 13-15).

Figure 13: Elastic volumetric strain and slope for type 1 
volumetric strain curve.

Figure 14: Elastic volumetric strain and slope for type 2 
volumetric strain curves.

http://dx.doi.org/10.31031/AMMS.2018.01.000523
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Figure 15: Elastic volumetric strain and slope for type 3 
volumetric strain curves.

In addition, the elastic volumetric strain is related with the 
maximum total volumetric strain for type one to type two and type 
three volumetric strain curves by power form function. The elastic 
volumetric strain is related with the maximum total volumetric 
strains linearly but power form law show slightly higher correlation. 
The coefficient of correlations in-creases from type one to type two 
and type three of volumetric strain curves, 0.764, 0.966 and 0.983 
respectively. The relationship with the different types of volumetric 
strain curves are described as Ɛcd=Ɛcr 1.031; Ɛcd=Ɛcr 1.054 and 
Ɛcd=Ɛcr 1.054 respectively (Figure 16-18).

Figure 16: Maximum total volumetric strain and elastic 
volumetric strain for type 1 volumetric strain curve.

Figure 17: Maximum total volumetric strain and elastic 
volumetric strain for type 2 volumetric strain curves.

Figure 18: Maximum total volumetric strain and elastic 
volumetric strain for type 3 volumetric strain curves.

Conclusion
This research work has demonstrated that volumetric strain 

quantities are related with each other and also separately related 
with the types of the volumetric strain curves grouped as type one, 
type two and type three by power form functions. In all cases the 
coefficient of correlation between the volumetric strain quantities 
and types of volumetric strain curves in-creases from type one to 
type two and type three volumetric strain curves respectively. The 
type one volumetric strain curve are Class I rocks while type two 
and type three contained Class II rocks types. The type one is ductile 
or less brittle while the type two and type three are brittle and very 
brittle respectively under axial loading condition. The difficulty in 
obtaining the post-failure curves increases as the total volumetric 
strain approaches a positive value. In other words, difficulty in 
obtaining the post-failure curves increases from the first type to the 
second type and finally the third type.
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